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and the last transition phaée towards a real giant, when the
luminosity excess is conspicuous, cannot last for long, and the
representatives of the “semi-giants” cannot be very numerous *.
- When the giant stage finally is reached, the luminosity may
decrease again (although the extent of the envelope, with decreasing
r and p, may increase considerably), because the core, now an
almost complete polytrope, has a smaller net output of radia-
tion than the former, very incomplete, adiabatic polytrope,
which radiates almost at the rate of a much larger mass, of
which it is an imaginary portion.

1. Whate dwarfs.

To explain the low rate of energy generalion in white
dwarfs, we are forced to conclude (as Atkinson does, cf.1?)
that their interior is devoid of hydrogen (and of neutron, too,
of course); the hydrogen observed in their atmospheres must
be a superficial feature, and cannot reach into regions where
the temperature exceeds 107 K (cf. Section 4.d). On the short
time scale it would be hard to understand how a star of less
than the solar mass could ever get exhausted, unless it con-
tained from the beginning a relatively smaller proportion of
hydrogen (about 26 per cent of original hydrogen content for
Sirius B, according to Table 4 below, which would have made
the star originally by 1.0 mag. more luminous than the sun,
thus speeding exhaustion; o®> Eridani B would require an ini-
tial amount of 16 per cent of hydrogen). In double stars the
components might have got such widely different proportions
of hydrogen (Sirius A > 0.40; Sirius B = 0.26, etc.) perhaps as
the result of the unequal differentiation of meteoric material
at an early stage of the primordial nebula (cf. Section 7.1).

Another suggestion is that the white dwarfs are perhaps
remnant cores of composite models after Nova explosions, where
the greater portion of the original mass (the hydrogen contain-
ing shell) had been thrown away.

* The same must hold for the complete adiabatic model of an advanced
degree of exhaustion, before its final collapse.
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Section 7.
Theory‘ and Observation.
a. Hydrogen content and mass-luminosity relation.

A mass-luminosity relation based on Kramers’ general
opacity corrected for electron scattering according to (23), may
be written as follows: -
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‘where C and F'.depend upon composition and structure. For
F = 0, (35) corresponds exactly to Eddington’s mass-luminosity
relation; the formula differs from Eddington’s by the factor

. 1 .
0.2 (14 X)

, which is mostly close to 1 except for massive

L+

stars. For the mean opacity of a star, the following expressions may

7

be assumed: kﬁ = 1.81 . T, * for n = 3, and 2.42 0. T, = for

0
n = 2. When the sun is taken as the unit of luminosity
(m,,, = 4.65), the constants are (in agreement with 19): for X=0
(no hydrogen), n =38, a = 2.64 (gravitational collapse), C =107,
F = 0.033; for X = 834 per cent hydrogen, n =2, a = 3.31
(adiabatic model), C=1.02, F =0.0054. It is understood that
the formula refers to homologous models of homogeneous
composition, more or less of a polytropic structure; it may be
applied to centrally situated incomplete polytropes, in which a

correction factor ——Q—Q—— (cf. Section 5.5) is required, when < r,

max

and none, when r > r,. Thus, for the collapsing core formula

(35) applies (until the relativistic change of the absorption
coefficient comes into play) with X=0; in this case (—Q—)_%

| N0
may be neglected, and the limiting formula for the luminosity
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of the collapsing core at high density becomes (in solar units
of luminosity):
| U \8

L, =2,63.10% [—| g+ . . . . . (36),

(—M@) ‘

where 8 may be taken from Eddington’s table in37; the rela-
tivistic absorption coefficient at T~ 2.10'0 leads to practically
the same result. The luminosity may be reduced by the in-
creased opacity due to “Paarbildung” and increased electron
scattering, which, however, may have only a small influence,
because the density of radiation remains small as compared
with the density of matter (verified by computations of nuclear
dissociation, cf. Section 4.5). Thus it appears that the collaps-
ing core exhibits an enormous luminous efficiency, and that
only a small core can persist without making the outer shell
expand to infinity (cf. Section 6.e; as explained already, the
size of the core is probably subject to automatic regulation).
To get a total luminosity of the order of the empirical, or more
or less like Eddington’s mass-luminosity curve, the size of the
core (M,) according to (36) must be as follows:

M 1 9, 4 9 20 O
L, ~ 1 13 100 600 2500 O
M, ~ 0.08 0.9 0.33 0.61 0.99 ®

M.: M 0.08 0.095 0.08 0.07 0.05

Thus, the core, if it exists and if it is not degenerate, can
amount to only a few per cent of the stellar mass. It must
be emphasized that Chandrasekhar’s criterion of degeneracy?,
for our complete polytropic core which behaves almost like an
independent star, applies to the mass of the core, not to that
of the whole star. These cores are so small that they can be
degenerate, even when increasing in mass (M, < 1.6); L; must
be in this case much smaller, formula (36) appiying only to a
transition phase (coniraction before degeneracy is reached).
We notice that Biermann® has considered somewhat similar
stellar models. ‘

Below are given some examples (all computed with the
same a=2.5 for the sake of simplicity) of the application of
formula (35). For { Aurigae br. (not in Strémgren’s list), an
gclipsing binary consisting of a K1 supergiant and a B com-
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panion, T, = 3360° according to the colour-index (cf.5%, Table I,
H. R. 1612, C=1.86 =corrected colour of the Ki star) and
e/ey=12,1.10—° have been adopted.

Star O Sirius Algol U Oph. ‘U Her. Y Cygni ¢ Aur.
A br. br. br. br.

My, Observed . . 4.6 08 -—-11 —20 —36 —53 —4.5

Mass . . . . . . 1.0 2.45 4.7 5.4 10.0 17.3 15.5

My X =0% .. 00 —38 —57 —62 77 88 —17.2

My, X =331/3% . 46 —0.2 —33 —4.0 —6.4 —8.0 —6.1

Difference . . . . 4.6 3.6 2.4 2.2 1.3 0.8 . 1.1

X9, Strémgren2 37 40 53 49 (70%) (80 =) ..

Speetrum . . . . GO A0 B8 B5 B3 0.5 K1

Trumpler’s

Star : H. D. 1337 br. ~ typical O star*

my,, observed. . . . —8.5 — 6.0

Mass . . . ... . .. 36 91

Mgy, X =0% . . . . - —9.2 _ —11.6

my, X =233/3% . . —8.6 —12.9

Difference . . . . . 0.6 — 1.3

X%, Stromgren . . . (30 =

Spectrum . . . . . . Os.s 09

For massive stars, the influence of hydrogen content
upon calculated luminosity is small (cf. also Stromgren?!), and
even may change the sign (Trumpler’s star): the hydrogen
~ content for massive stars cannot therefore be determined with
confidence; mostly the observed luminosity is found to be
rather low for the mass, which requires a high hydrogen
content (Y Cygni, sp. 09; V Puppis, sp. B1, cf. Strém-
gren?'; the K1 supergiant { Aurigae behaves in the same way,
opposite to what Stromgren finds for the fainter giants in
his list). Certainly no hydrogen content can satisfy Trumpler’s
O stars; there must be some reason for the strongly reduced
luminosity of very massive stars (at least of those of early
spectra), perhaps an increase of opacity from an unforeseen

¥ Cf.5L. The typical star is just an estimate, on the basis of the seven
O stars of large mass. Trumpler’s average mass is greater than our adopted
typical. :
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source (“Paarbildung” in a collapsing core?), of which Trump-
ler’s stars present an extreme case; the apparently high hydro-
gen content found by Strémgren® for a number of massive
eclipsing binaries (H. D. 1837 br. for which data are given
above is an accidental exception to the general rule, within
the observational uncertainty) may therefore be illusory, the
depressed luminosity of these stars presenting perhaps the
start (at M =5 (O already, cf. Algol in the preceding table) of
a phenomenon which for Trumpler’s extreme masses already
amounts to 6—7 magnitudes. Notlhing forces us to accept the
suggested high hydrogen values of other massive stars, and
the most simple hypothesis seems to be at present the follow-
ing: the stars are originally built of a material containing
~ 40 per cent hydrogen; the amount may decrease with time,
but it can never exceed the original value (except by stratifi-
cation in the original nebula, cf. below condensation of mete-
oric material).

‘For the few giants (semigiants) occurring in Strémgren’s
list2t, the hydrogen content falls below the normal value:

Stay Capella Capella USge Z Vul RSVul TVCas Z Her RTLac RTLac

A B tt ft ft ft ft ft ft

Sp.. . . GO Fb5 G2 (F2) (F4) (F5) (G5 (G9) (KO0
My . . —04 402 15 402 403  +1.9 428 427 429
R: R@ . 126 6.6 5.4 5.6 6.0 2.9 3.3 4.9 4.9
Mass . . 4.2 3.3 2.0 3.0 1.7 1.2 1.3 1.0 1.9
X9 .. 30 31 19 27 3 7 15 2 28

[However, as already mentioned, { Aur. br., mass 15.5Q,
requires a high hydrogen content (~ 70—80 per cent).]

In other words, the luminosities of most of these giants
are too high as compared with the usual one for their masses;
this exactly may be expected from our conception of the giant
structure, where the outer shell is forced to expand by excess-
ive luminosity from an “independent” core; in which case,
however, the mass-luminosity formula does not hold any more;
these giants, therefore, may — or may not — contain a more
normal amount of hydrogen; apparently we find again that
there is no reliable method of determining the hydrogen con-
tent in giants. Only “normal” main sequence stars, built ac-
cording to a more or less polytropic model, permit of the
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determination of the hydrogen content from the observed
mass-luminosity relation. How many such stars exist? In
Stromgren’s list 2! we find the following figures for main sequ-
ence stars fainter than absolute magnitude zero:

Myy . . 08 46 53 48 29 L1 14 05 09 13 22 26
X% .. 40 37 28 37 22 32 28 24 24 35 34 32

The spread is comparatively small, which explains the
fact that normal dwarfs fit excellently into a single-valued
mass-luminosity relation; in these stars, with their moderate
luminosity, the exhaustion of hydrogen cannot as yet have
proceeded very far, whence their relative uniformity of appar-
ent composition. Thus, for dwarfs the small spread around
the mass-luminosity relation is explained by the shortness of
the time scale. If the more massive stars “do not play havoc”
with the mass-luminosity relation, it is because the influence
of the hydrogen content upon luminosity decreases with increas-
ing mass (cf. above); if all stars are of the same age (3.10°y.),
an equal degree of exhaustion of hydrogen may be expected
for equal masses, which would result in an almost exact mass-
luminosity relation for the massive stars as well. This appar-
ently is not the case; the apparent hydrogen content is vari-
able (cf. Stromgren’s data?!, also above; unfortunately, for
M > 100, the variability cannot be well detected), thus these
stars show a sensible spread around the mean mass-luminosity
relation. Either the stars are not all of the same age; or the
deviations are due to difference of internal structure.

The effect of variable hydrogen content upon the disper-
sion of the mass-luminosity relation is not so great as it seems
at the first glance. If the change in hydrogen content is the
result of evolution, in a steady statistical state the number of.
the representatives of a given mass must be inversely pro-
portional to the luminosity; therefore, large deviations of the
luminosity, corresponding to a small hydrogen content, are
rare. For a solar mass starting with 86 per cent hydrogen
we have: ,

X% ... 36—30 30—24 24—18 18—12 12—6 6—0
Wpor, + v v o .. 4.6 4.2 3.4 2.5 1.6 0.5
relative frequency . 100 . 63 33 14 6 -2
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The arithmetical mean luminosity is m» = 4.0, and the
individual mean deviation from this luminosity is only =0.59 mag.;
actually a solar mass cannot have passed through such a com-
plete evolution during the short time scale, but larger masses
can. For these the mean deviations from an average empiri-
cal mass-luminosity relation, due to evolution on a hydrogen
synthesis basis, are:

MiMgy- - - - - 2.5 5 10 20
deviation . .. =+0.46 +0.28 =+0.17 =0.09

The deviations are so small that Eddington’s fear that a
widely variable hydrogen content might “play havoc” with the
mass-luminosity relation is not justified. It is a trick well
known to observers: the probable error of the observations
seems to be surprisingly small as compared with the extreme
range of the measures.

b. Atomic synthesis and stellar structure.

M. Schwarzschild 52 recently made a purely formal attempt
to explain the stellar energy generation by a single process,
in" correlation with the polytropic (n = 8) central tempera-
ture, density, and the apparent hydrogen content. He sets
& ~ M"X?" T" (X = hydrogen content) and derives empirical
correlations from forty stars (Stromgren’s data?!):

p = 2.29 +1.84m — 0.05n;
qQ = — 077 —1.64m — 0.32n.

If we abandon the formal procedure, and consider the
problem from the physical standpoint, it is almost beyond doubt
that p=0 and m=1. Hence n=-473, and ¢=—25(!). Now,
q also should be equal either to 2,1, or to 0. The result for ¢
is absurd. Further, from these values of the exponents a ratio
of luminosity of Capella: sun = 10-24(!) results, which needs no
further comment. If we set ¢ =1 as a more reasonable value,
we get two values for n: n= -4 73, and n=—11; thus enorm-
ously contradictory results for the temperature dependence
of & In view of such catastrophic discrepancies® we do

* Which cannot be removed by other, even unreasonable combinations
of the exponents: the observational data are intrinsically contradictory.
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not think that even pure mathematical reasons can justify the
absence of the most primitive physical insight from the above
mentioned paper. There is, nevertheless, one useful conclusion
(which the author failed to draw): for a single process of
energy generation the stars cannot be homologous polytropic
structures; the calculated polytropic central temperatures may
differ considerably from the true central temperatures.

We may invert the problem; the laws of atomic synthe-
sis are perhaps better known than the internal structure of
the stars; having adopted a law of energy generation we may
pick out stars of similar structure, and mark those of a differ-
ent.one.

For stars of the main sequence, especially for the less
massive ones, we may expect a priori a more or less uniform
structure resembling a polytropic one. The radius in this case
is given by formula (28), wich holds for homologousstars when
the law of energy generation ¢ 7%, and Kramers’ opacity are
valid. In (28) the main change in radius is due to the mass,
whereas for any probable value of s the influence of X is very
small, and that of gu is also small. Further, for non-massive
main sequence stars (M <C5), 8 is so near to 1 (8>>0.98), and
~the hydrogen content and u change so little (cf. Stromgren’s

data 2!, and above), that the mass alone determines the radius.

We may thus write -
. 8—38.5

R~MsF5 . . . . . . . (37)
for the “main sequence”. “

Densities of visual binaries furnish the most extensive
statistical material for the test of relation (87). A list of
such densities based upon our actual knowledge of the colour
~ temperatures has been published by Gabovit§ and the writer .
As the density of a visual binary is very sensitive to the
adopted colour, deviations from a normal speciral energy
distribution due to line or band absorption may introduce
systematic errors into the calculated densities. For the
spectral interval F0-MO, no serious influence of line absorption
upon colour index (4 440—550 u) exists, and for this interval
the directly determined highly accurate colour temperatures
are certainly to be preferred to average estimated values
(such as those given by Russell-Dugan-Stewart, partly based

6
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on the ionization temperatures which contain the hypothetical
element. of pressure; besides, the effective temperatures of
Russell-Dugan-Stewart are somewhat too high for giant stars,
which has led to not ineonsiderable systematic errors in
computations based upon them) (cf. 3%). For spectra later
than Mo, the effect of TiO absorption has been taken into
account in ® (cf. also GabovVit§, 54); -for spectra earlier than Fo
the effect of the crowding of the hydrogen Balmer lines
(wings of the lines) towards the violet must’ produce a
depression of the colour index, which, as well as the space
reddening of the distant B stars, is not taken into account
in % (the effect of the Balmer lines is practically the only
one to be considered in the case of the brighter A stars).
Systematic corrections are estimated from the following data:

H D.Sp...... FO A5 A3 A2 A0 B9 B8 B3

Observed colour, ¢, 0.19 0.04 0.08 —0.07 —0.14 —0.18 —0.24 —0.25
Assumed T,. . . . 7300 8700 8900 10000 11000 12000 13000 15000
True colour, ¢; . . 0.09 —0.12 —0.15 —0.27 —0.36 —0.43 —0.49 —0.59
40 . ... ... —0.10 —0.16 —0.18 —0.20 —0.22 —0.25 —0.25 —0.34
dlogo. . . ... +0.17 40.27 4031 -40.34 40.38 +0.43 +0.43 +0.58

‘Here the second line gives the mean observed colour
index (in a special system) for naked-eye stars (mostly brighter
than 5.0 mag, cf.55, p. 50); the thifd line — the adopted “true”
radiation temperaturé, assumed to be 15000° at B5, and made
to approach gradually the colour temperature towards Fo;

the fourth line gives the “true“ colour index, C,= 9_1Tﬂ)_ 1.24

(cf. 32, p. 180); the fifth, A C= C,— C,; the last line gives
the resulting correction of the log density of a binary computed
with the apparent colour:

Alogo=—1714C . . . . . (88)*%

After applying these corrections, the mean density
logarithms and other data for main sequence visual binaries,
according to 53, Table IV, are as follows:

* Cf. 8, p. 4, form. (8).
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Table 3.
Mean Densities and Radii of Main Sequence Visual Binaries.
Mean sp. M2 K4 G9 G4 F9 F5 Fl1 A5 Al B3
n 6 13 9 .13 31 28 24 10 21 2

10g e/e) 0.22 0.09 0.27 025 —0.21 —0.24 —0.55 —0.19 —0.55 (—0.67)
log M/Mcy —0.40—0.22—0.12—0.05 0.04  0.15 020 028 0.36 ( 0.74)
log R/R —0.21—0.10—0.13—0.10 0.08 0.3 025 016 0.30 ( 047)
D. e. =0.04 =0.03 0.03 £0.03 £0.02 #0.02 +0.02 £0.03 +0.02 =0.07

The last line gives the observational probable error in the
mean log B. The data of the table are well represented by
the linear correlation '

log R = (0.72 £ 0.06) log M+0.08 . . . (39)*

The individual spread around this correlation is considerably
greater than expected from the observational probable error,
indicating real causes of the deviation (“inflation” of the
atmospheres at F1, “deflation” at G9, G4, and A 5). Comparing
(87) and (89), we find s = 19, within the probable limits from
15 to 25, thus an exponent for the temperature variation of
subatomic energy close to the value suggested by Atkinson.
but in conflict with the hypothesis of H* 4 H! - H? as the
basic process, which requires s = 6.5.

With this value of the exponent (s = 19), formula (28) is
transformed into

R ~ [(1—X) X]ot° (‘3‘“)0.54 Moz (40)}
Also, as | '
| (Buy ~ (1= f) M-
(Eddington’s quartic equation), we have
R ~[(1—X)XJ10 (1 —pg)0 yo45 . ., . (40)).

Fig. 38 represents the correlation; in addition to the mean
data of Table 8, individual values for five nearby binaries and the
sun are given; for Sirius A the correction of log ¢ for Balmer
wings is applied. The radii for Sirius A, Procyon, and
Centauri A are based on directly observed colour indices, and

* We take the opportunity to point out that the correlation of mass
and radies has been already successfully studied by K. Lundmark, cf. %7,

6*
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for o Centauri B on a mean adopted colour index. Further, in
Fig. 8, all “main sequence” individual components of eclipsing
binaries are plotted which occur in Strémgren’s list 2! (for
equal components, one point representing the average is
plotted): for these the masses and radii are directly observed
quantities, independent of the adopted temperature and the
data are especially valuable for the correlation *.

As shown by Fig. 8, the individual data including even
the massive stars V Puppis and Y Cygni, agree excellently
with the linear correlation derived from the visual binaries.
Some stars, such as Procyon (F5), Sirius A (A 0), # Aurigae
(A0), TV Cas br (B9), u Her ft (B8.5) show definitely inflated
radii (from 25 to 60 per cent, and 2.5 times for u Her ft),
which perhaps represent a transition toward giant structure.
A slight depression at large masses (B stars) is indicated,
which however is well accounted for (with Strémgren’s data)
by the factor (Bu)°** which becomes important at these
masses; however, we did not make a correction for this factor,
because we do not consider the hydrogen .content, nor x and g,
as being well established for the massive stars (cf. above).
Trumpler’s typical O star falls decidedly below the line of
correlation, which, however, must be explained by the failure
of our luminosity formula (with Kramers’ - electron scatter-
ing opacity), in which case formulae (28) or (40) are no
longer valid.

Thus, practically all main-sequence stars from M =0.2
to M = 20 appear to form one continuous sequence, corre-
sponding to a homologous structure and to a law of energy
generation with s=19. In such a case the hypothesis of
H! | H'-» H2-} B, being the starting reaction of the atomic

* The hydrogen- content, X, computed by Stromgren 21 is based on lu-
minosities derived from mean adopted temperatures, and, therefore, X has
lost somewhat of its individual value. If we keep T, constant for a given
- spectrum, a larger radius (for eclipsing binaries) leads to a greater lumino-
sity and thus to an apparently smaller hydrogen content; such a correlation
is prominent in Strémgren’s data, and part of it may be spurious: for
constant mass, a larger radius means smaller pressure, and lower T, for a

given spectrum; thus, the luminosity is overestimated, X underestimated in
such a case.
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reaction requires & ~ 6.5; assuming this, we should bhave,

instead of (40), the correlation:

(a),

R ~ [1 _X)XJO.22 (‘BM)_O‘H MO.?3 .
which cannot be made to satisfy the correlation of Fig. 3.
An escape may be found in the assumption that the correla-
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tion of B and M in-Fig. 8 is the combined effect of a law of
enérgy generation with s ~ 6.5 and a progressive inflation of
the radius with increasing mass; the cause of the inflation
may be the formation of an exhausted core causing an expan-
sion of the envelope, as considered in Sections 5 and 6. The
sudden increase of log R at about the sun’s mass (cf. Table 3
and Fig. 8) may perbaps be regarded as an indication of the
starting of such a core, which would seem to bein agreement
with estimates of the time (~ 8.10°) required for the exhaus-
tion of a limited central region (cf. below). 1f a superdense
core, it need not be large, a few per cent of the total mass,
and probably cannot be very large (cf. the table in Section 7. a).
Such a small core need not he in contradiction to the small

effective degree of concentration of mass (z—° ~16) derived by

Russell4® for Y Cygni, or by Walter®® and Kopals® for eclipsing
binaries from their ellipticity, and by Walter 5 from libra-
tions in B Lyrae and W Ursae Majoris; if most of the mass
is little concentrated, the influence of the small core is im-
perceptible. The observed small apparent concentration of
mass in the B type eclipsing binaries indicates for them
either a complete mixing with complete adiabatic structure
throughout, or practically the same with a small superdense
nucleus at the centre. An effective polytropic index n ~ 2
would result in a good agreement with Russell’'s data for
Y Cygni 4.

The interpretation of Fig. 8 as partly the result of
“inflation” is not very attractive; it has been proposed to save
the hypothesis of hydrogen — deuteron synthesis by setting
s = 6.5, but the postulated superdense core becoming an
independent. source of energy makes this escape illusory:
formula (28), as based on a purely subatomic source of energy,
loses its meaning in such a case, and the regular correlation
shown by Fig. 8 cannot bear the theoretical interpretation
which we have given; in this case the value of s would
probably have little influence upon the correlation of R and M,
which. should be chiefly determined by the properties of
the core.

A few words with regard to Kopal’s paper58 as containing
the most numerous data referring to the ellipticities of
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eclipsing binaries. It. has been pointed out rightly?® that
Kopal’s material is not homogeneous. Indeed, little definite
meaning. can apparently be attributed to the conception of the
mean ellipticity of a binary with largely differing radii,
masses, and luminosities. Nevertheless, when retaining only
the homogeneous data in Kopal’s list, the change of the cal-
culated concentration of mass with spectral class remains the
same as found by him from the entire material: the concent-
ration increases for the later spectra. As the later eclipsing
variables are chiefly giants, this fact seems to be in agreement
with our conceptions of giant structure (formation of a super-
dense core and inflated envelope). Kopal’s absolute values of
the effective polytropic index seem to be systematically in
error, as for the early type stars he finds persistently n=0
t0 0.5, which is less than the minimum adiabatic value (n = 1.5),
and would lead to catastrophic convection; we have seen
that convection in stellar interiors (except quite near a super-
dense core) is of such high efficiency in transporting heat that
no perceptible deviation from adiabatic equilibrium can occur.
Therefore Kopal’s figures can be regarded only as of a more
or less qualitative character. To get reliable absolute data
for the ellipticities, the elements of the eclipsing variables
should be rediscussed with such a special purpose in view;
the limb darkening should be taken as variable according to
effective temperature, as follows from Schwarzschild’s theory
of the radiative equilibrium of the outer layers of a star.

Our above result with respect to the probable value of
the exponent s =19 (15 to 25) forces us to attempt some
revision of our former a priori views concerning the.basic
process of subatomic energy generation. The hydrogen —
deuteron synthesis requires s~ 6.5 only; further, it must
have as small a probability per collision as ¢ < 1,3.107, to
work reluctantly enough at the actual adiabatic (minimum!)
temperatures of the main sequence stars, and it can never be
detected in the laboratory; if the probability of the reactionis
even smaller than that — the reaction loses its importance in
the stellar energy budget (the reaction is theoretically possible,
but the probability may be too small to exert a practical
influence). From considerations put forward in Section 3.4,
the He*— Li% - Li" - H! - He! regenerative process cannot very
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well be considered as the starting point of the atomic syn-
thesis (although it may occur as a lateral reaction), because
it requires deuterons or neutrons which must be supplied by
a reaction of higher order which is split necessarily into
different branches and yields, therefore, too small a number
of deuterons for Het + H2 - Lif. s= 15— 25 corresponds, accord-
ing to the theory of atomic synthesis, to proton capture of a
probability ¢ ~ 0.1 to 0.01 (as observed in the laboratory) by
a nucleus of charge z ~ 4—8, thus from beryllium to oxygen.
'The process must be regenerative in Atkinson’s sense, if the
original abundance of the starting phase is not very great.
Existing physical experimental data (we cite from a compilation
made by Fleischmann and Bothe®) seem favourable to this
suggestion — indeed, there are a number of observed reactions
which must occur with great intensity; stars in any case
cannot settle down to higher central temperatures before the
possibility of these reactions is exhausted. -

Observed proton captures with a release of energy:
Li6 - H! > He? 4 He3 | Be® 4 H! —» B0

Reaction
' Li”+ H! - 2 Het Be% - H! - Lij¢ Het
s for T, = 1,4.107 . . . 12,5 15.0
T, required for the sun . 1,1.107 1,8.107
11 1 4 12 | H1 » N138 | N14,016
Reaction B 4 Hl >3 He C\ TH =N
Bil4-Hi->Het + Be8 | N8> 0134 g1
s for T, =1,4.107 . . . - 17.2 19.6
T, required for the sun . > 2,4.107 2,1.107

In the last line, the temperature 7, = 0.94 T’ is given,
for which the reaction alone is able to cover the radiation of
the sun, on the assumption of a relative abundance as found
by Russell?2 for the solar atmosphere. Of course, the abund-
ance may be quite different in the interior; if carbon is 100
times more abundant in the interior, T, becomes 1,9.107
for the 4t re4ction, instead of 2,1.10° The abund-
ances having been assumed as for the above table, only
the carbon reaction represents an important store of energy,
lasting for about 5.108 years in the case of the sun; if this is
insufficient even for the short time scale, it is important to
realize that the C'2 | H! reaction makes the atomic synthesis
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an observed reality, and not a mere speculation based on pro-
babilities. The stars must have gone through this stage of
atomic synthesis, at least. The central temperature of the sun
for 87 per cent hydrogen content and adiabatic structure with
n = 1.63 is 1,2.107 (cf. Section 3.d), thus too low for the carbon,
boron, and beryllium reactions; if these are to happen.in the
main sequence stars, the temperatures of the latter must be
higher, which can be accounted for only by attributing to
them a non-homogeneous structure (some degree of condens-
ation towards the centre). It is disappointing to realize that
at the temperatures of these reactions no exothermic processes
of generation of neutrons or deuterons can occur, except the
Ht4 H'- H? reaction, and that without the help of deuterons
and neutrons no experimental continuous chain of atomic syn-
thesis can be traced; the above reactions stand thus at present
isolated; neither are regenerative processes not leading to
helium indicated.

With helium, and withount the intervention of neutrons or
deuterons, we must admit still higher temperatures; asmall central
core, due to slight exhaustion of hydrogen and complete exhaus-
tion of the C+ H reaction (if no regenerative process exists)
may be formed, with temperatures of ~ 8,5.107 which may
render the following reaction important (cf. Atkinson):

,Het 1 ,He* > ,Be8 - 0.36 Mev.

It has been the belief that this reaction is endothermic,
and that Be® is therefore unstable (cf. Kronig 6'); however, with
the more accurate atomic weights (cf. Section 3.9 and?®?) the
result is different. The observed reaction ,Be®- 1,3.10% volts
(y radi.) » ,Be -} n! gives ,Be® =8.0074, against 2, He*=8.0078:
thus it appears that the nucleus of Be® is stable, after all, with
a small binding energy of 860000 + volt. At 7 ~ 8,5.107, Be®
leads to a rapid cycle of reactions (those not definitely observed
are in brackets, and not observed nuclei in parentheses) (all
exothermic): '

[sHe!+ He*—> ,Be®]; [[Be® 4 H'~> (B%); (;B%) >, Be’+84];
hence the principal branch follows:
(Be® 4 Hl = B1o; [[BY0 4 Hl »Cl; (G > Bl 4-84];
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5B+ H' = 3, He*; ;B! 4 ,H!~» ,Be8 4 ,He*;
[{B!t 4 H' - ¢C1?; (Cl2 - Hl > NP >0+ B, ete.;
latera branch: .
.Be® ‘|‘ HY = Li® ‘|‘ oHet; gLi® - H' - ,Hed {-,He*.

Thus, the oycle involves an efficient ;regeneratlon of helium (cf.'
Atkinson), and heavier elements are also formed through C.

If this mechanism does pot work, at still higher tempera-
tures observed reactions involving a-particles and resulting
partly in neutron synthesis come into play, such as

4Be? - Het > (C'? 4-n' 4 5.5 Mev (at 7>>10%);

direc mneutron synthesis, however, should also begin at this
stage, and with neutrons the atomic synthesis is well pro-
Vlded for.

-From all the preceding it is clear that the synthesis of
heavier elements out of hydrogen must inevitably occur at a
certain stage of the evolution of the star; observed reactions
are able to absorb all the hydrogen content of a star when the
central temperature is allowed to rise over 108. However, the
-apparent homogeneity of structure of the main sequence (cor-
relation and Fig. 8) does not seem to favour such high tempera-
tures and condensations; it is more likely that the important
cycle of processes takes place at 7, ~ 2.10%; on account of lack
of experimental data we cannot decide yet upon this question.
After all; it is not impossible that H!-} H!—H?2 is still the
basic reaction, and that our correlation of B and M reflects
chiefly the effect of a progressive inflation of the stellar enve-
lope with increasing mass, so that s ~ 6.5 may still be valid.

Another escape able to remove some contradictions may
be proposed. The direct reaction H'4-H! may be prohibited
for the protons in their ground states, but may become pos-

sible when one of the protons is exclted to a certain level
. 5040H
of H volts. The fraction of exclted nuclei is f= 10"

(thermodynamic equilibrium); therefore, the rate of the reac-
tion is equal to the rate computed from.the absolute abund-
ance of hydrogen multiplied by f. The apparent probability
of capture, ¢ = 1,3.10—?°, which we estimated in Section 3. 9,
is in this case equal to the product g¢f.
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Thus, ¢.10~ 7 —1,8.107°- With ¢= 0.01, — 50?1’!
= — 16.9. This holds upon the assumption that the energy
generated in the sun at 7, =1,1.10" equals its observed heat

| | . |
output. Thus, with T =1,1.10", H = Ei%:36000%%5.
- Such should be the hypothetical nuclear excitation potential of
hydrogen to account for the energy generation of the sun
(adiabatic model) and of the main sequence stars, and which
is in harmony with the observed absolute abundance of lithium
in the sun: the hypothetical rate of the deuteron synthesis in
the sun is then in equilibrium with the rate of the Li+H
reaction, calculated from experimental data.

The rate of the reaction as given by formula (8) must be
multiplied by f in this case. For 7'=1,1.107, the effective
value of the exponent in the temperature dependence of ¢ is
then s = 44, which is now too high for the trend of Fig. 8.
‘With a smaller value of ¢, s may be reduced; thus, for
q=10"%, H = 24000 v., s=32; for ¢ =10, H=16300 v.,
s =18. An agreement with the “observed” value (s=19) may
be obtained by a suitable choice of the constant ¢q. Although
the procedure is somewhat artificial, and the question quite
problematic, the importance of the above speculations consists
in demonstrating that an apparent disagreement between the
“observed” and the theoretical values of s cannot be a reason
for denying the possibility of the direct deuteron synthesis in
stellar interiors. It might be worth while to attempt the
synthesis in the laboratory, in a hydrogen medium “activated”
by radiation of 10000—50000 volts (for the lower limit, the
yield of the reaction may be too small to be detected in the
laboratory if our calculations as to ¢ are correct).

c. Stellar statistics and stellar evolutzon

Under the above heading fifteen years ago the wrlter
published an attempt to explain the observed frequency func-
tion of stellar luminosities on the basis of a recurrent cycle of
stellar evolution, by assuming statistical equilibrium between
the “rate of cooling” and the frequency of Nova catastrophes,
which were supposed to bring the star back to the start of a
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new evolutional course with high initial luminosity and gra-
dual “cooling”. At present it stands without doubt that such
a-conception does not represent the state of our present stel-
lar universe: the stars do not change much in luminosity (as
once considered by Eddington, on the basis of a “Van der
Waals degeneracy” of dwarf stars), except the white dwarfs;
for an evolution of mass, the time scale is too short (studies
of double stars by the writer®, cf. also?. The Russell-Hertz-
sprung diagram is not a diagram of evolution, but a diagram
of stellar structure.

Now, from the fact that the hydrogen content is smaller
in giants than in main sequence stars, Stromgren?2! concludes
that the course of evolution with practically constant mass is
at right angles to the main sequence line of the diagram:
main sequence stars change into giants. Our preceding theo-
retical discussion points to the same possibility. Below,a com-
parison with statistical data seems to impose certain restric-
tions upon this type of evolution also: some main sequence
stars become giants; many, however, cannot.

d. Evolution of the sun and geologic temperatures.

Evolution with decreasing hydrogen content requires
increasing luminosity, and in the case of the sun some vague
information regarding such an evolution can be obtained from
the geological history of the earth. The mean temperature of
the earth must be chiefly determined by the intensity of solar
radiation; unfortunately, local conditions during past ages
obscure the general climatic picture too much; but certain
conclusions can nevertheless be drawn. There seems to be
no doubt that, during the Cambrian and Ordovician,the mean
temperature was about the same as it is now; it was consid-
erably warmer since the Silurian, up to the late Tertiary.
The last Diluvial relapse of temperature, the ice age, which
lasted with interruptions for about half a million years, is so
short; as: compared even with the Tertiary (60 million years)
“that its influence upon the mean geological temperature
is negligible; we may consider - 20°C at present as the
normal mean temperature of the earth, corresponding more
or less to the conditions prevailing at the end of the Tertiary;
the present actual temperature (- 15° is still below the
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normal, not having as yet recovered from the relapse of the
ice age. Allowing for the cooling effect of an ice -+ snow-
covered area, an ice age with glaciation reaching to about 45°
latitude (zero annual isotherm with sufficient snow in winter)
should correspond to as high a mean temperature of the
whole earth as 4 9° C. There can be hardly any doubt that
the last ice age, which was bipolar, was, caused by a decrease
in solar radiation (speculations upon the eccentricity of the
earth’s orbit cannot produce a bipolar effect, and the unipolar
effect must be rather small even for the affected hemisphere),
and probably most preceding ice ages were, too [there were
mighty glaciations* in the Algonkian (South Australia;
synchronous in South Africa and Canada), in the lower Cam-
brian (bipolar, Australia and Greenland), some glaciation in
the Middle Ordovician, in the lower Devonian, and an enormous
glaciation in the Permian (perhaps the late Carbon already),
apparently restricted to the southern hemisphere, with traces
left in Australia, Africa, East India, Brazil, and the Falkland
islands; absence of Permian glaciation from the northern
hemisphere may perhaps be explained by special circumstances
of the distribution of continents and mountains]. Between
the Permian and the Diluvian there are no ice ages known.
Although Wegener’s theory of continental drift, postulating a
corresponding displacement in latitude, cannot explain the
last ice age, and the amount of the drift required for such a
purpose is not verified by astronomical observations, there can
“hardly be any doubt about the reality of large-scale horizontal
displacements (Alpine foldings) in the earth’s crust; these
displacements cannot reach the scale of Wegener’s theory,
but, nevertheless, they summon to caution with respect to a
‘generalization of local peculiarities of a geological climate:
the latitude where at present a fossil is found may considerably
differ from the latitude of its origin. With due allowance for
all such circumstances, the general trend of temperature seems
to be an increase, highly irregular, interrupted by sudden
minima of short duration, the ice ages; the apparent absence
of these from the Mezozoicum and Tertiary is perhaps due to
the increase of the “normal” temperature of the earth (or of

* Professor A. Opik, geologist, has checked upon these geological data.
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the mean solar radiation), so that only rare exceptionally deep
minima, such as the Diluvial, lead now to glaciation; whereas
~in the Palaeozoicum and Praecambrium, with their lower
~.normal temperature, moderate and therefore more numerous
‘minima of the solar radiation already produced glaciation;
thus, the relatively greater frequency and extent of glaciation
in these early periods seems to be in agreement with the
gradual warming up of the earth following the increase of
solar radiation with the gradual exhaustion of hydrogen.
Judging from the oldest Archaic rocks, of an age ~ 2.10°
years, in spite of changes from metamorphism, it seems to
~be certain that a permanent ice age could not have taken
place even at this early age: the traces of ice in the Archaicum
are scarce, probably mostly destroyed, but still suggestive of
intermittent ice ages, as observed in later ages *. A minimum
estimate for the mean “normal” temperature of the earth.

Table 4.

Luminosity of the Sun (Adiabatic Model, Complete Mixing),
and Terrestrial Temperatures.

Hydrogen content,
X% . .. .. 40 39 |38 37,5
Age, 108 years .[|—31.5/—20.2|—9.7| —48 |—32| —12 | —06 ' | —0.2

(Ordovician) |(Silur.)|(Jurassic)|(Palaeocene) |(Miocene)
My, (O, computed | 4.84 | 475 | 4.67 4.62

t9C Earth, com- ' - '
puted . . . .| +3%| 49 4140 4170 14180 4190 -4 200 4+ 200

t0 C Earth, geolo-

gical estimate| ... |[>--901>+490 4 150: +220| 4170 -+ 250 -+ 200
Hydrogen content,

X% ... .. ce 37,0 | 37 36 30 24 18 12 6 0
Age, 108 years .| — 0.01 | 0.00 0 |4+9.0|+49.0|+ 74.0 |} 87.2 |4 92.8 |4 95.2 |4 96.0

(Diluv.) : _

Myy;, (O,computed c. 458 | 458 | 449 | 3.93 | 328 | 253 | 1.58 | 0.58 |—0.47
¢ C Earth, com- :

puted . . . .| 4200 |4200|420°|4 26|+ 620 |4 1170 |4 1910 |4 3050 |- 4580 |4 6550
19 C Earth, geolo- '

gical estimate + 80 |4150| — — — - — — — —

* Here a most important problem for Archaean geology presents itself.
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2.109 years ago may thus be > -+ 9° C. Above, the table gives
the theoretical change of the luminosity of the sun on a hyd-
rogen synthesis basis with complete mixing, with the computed
and “observed” mean terrestrial temperatures. The present
hydrogen content is assumed to be 87 per cent, conventionally,
and the present “normal” absolute magnitude (4.58) by 0.07
brighter than the present observed one (4.65). The data for
the past awd the “near” future are represented in Fig. 4;
the theory is not contradicted by the observational evidence;
the latter hardly admits of a more rapid increase in luminosity
than the computed one, but the actual increase cannot be
determined with certainty. Thus, on the basis of the complete
adiabatic model the sun must have started ~ 8.10° years ago
with a hydrogen content X = 40 per cent, and has used up
to present 8 per cent of it; the accelerated rate of evolution
on the atomic synthesis basis will come to an end after 9,6.10°
years, but life on earth will be destroyed by heat long before
that. The total life of the sun on the hydrogen basis is
12,6.10° years, after which a collapse follows towards the white
dwarf stage (when the temperature of the earth may fall to
— 180° C). _

From the table we also infer that a solar mass in com-
plete adiabatic equilibrium containing originally less than 26
per cent hydrogen must already have become, within 8.109
years, a white dwarf (Sirius B ? cf. Section 6. 7).

The recurrence of the ice ages — i. e., of short minima
of solar radiation — seems to be rather difficult to-explain
on the completely adiabatic model of the sun, with its complete
mixing. A composite adiabatic-radiative model, with its
changing extent of the adiabatic region, progressive strati-
fication at the boundary of the convective core as the central
exhaustion increases, and the formation of a small collapsing
kernel, is more likely to lead to fluctuations of luminosity.
The answer can probably be obtained from numerical comput-
ations. Qualitatively, however, it seems likely that the col-
lapsing kernel (~ 7 per cent of the mass, c¢f. Subsection g,
thus small enough to become exhausted during ~ 10° years),
passing through different stages of degeneracy, and gradually
acquiring mass from exhausted material of the outer shell,
may produce an uneven variation in the luminosity. For
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example, let us suppose that the adaptation to the changing
condition of equilibrium requires an intermittent expansjon of
the outér shell; during the expansion, a fraction of the heat
output is stored in the form of potential energy of gravitation,
and the radiation into space is temporarily reduced by a
corresponding amount. To explain in this way an ice age of
one million years' duration with a depression of the terrestrial
temperature by 11° C, a total expansion (of the shell containing
~ 90 per cent of the solar mass) of less than one per cent of
the radius is required for an unchanged internal heat output.
The plausibility of such an explanation adds some probablllty
in favour of a complex model of the sun.

In the case of a superdense core, however, the luminosity
cannot be calculated in such a simple manner as was
done above; the degenerate core will not add much to the
heat output, thus the atomic synthesis will be still the main
source of energy; the luminosity, however, will not rise much
with exhaustion, because the exhausied material joins the
degenerate core.” A longer age on the atomic synthesis basis
must result. ' :

—e. Duration of evolution for adiabatic models.

Here we cannot as yet decide the question of the probable
structure of the sun and the main sequence stars. As a
standard of comparison for probable ages we below consider
the complete adiabatic model for main sequence siars, with
an initial hydrogen content of 40 per cent as found for the
sun (cf. Table 4, X = 409/, at ¢t = — 3,15.10° years).

Allowing for the unknown cause of a depressed lum1n0s1ty
in massive  stars (which Stromgren 2. ascribed to a large
hydrogen content, and which we as yet hesitate to accept, for
reasons given above), we take an empirical mass-luminosity
relation, or assume luminosities of actual typical stars as
corresponding conventionally to X=2384 per cent, and use the
hydrogen content only for a differential correction of the
luminosity in Table 5. We need not bother about the rigour
of these assumptions, as they are needed only for our order-
of-magnitude comparison. Qur table in any case corresponds

7
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Table 5.

- Duration of Atomic Synthesis Stage, Complete Mixing.
MMy .. ... 1.0 1.5 2.0 | 2.5 3.0 4.0
begin.,my; . . . . 4.8 35 2.2 1.2 0.4 — 0.6

My 7, { mean,m . . . . . 4.0 2.7 1.4 04 | —04 | —14
end, my . . ... —G5 | 15| —24 | —29 | —33 | —38
Relative duration| 1.000 0.479 | 0.208 0.115 | 0.0730 | 0.0437
Duration, years 1,3.1010 | 6,2.109 | 2,7.10% | 1,5.10°? | 9,5.108 | 5,7.108
MMey ... .] 30 7.0 | 10% 17%% | 3G #*k | g
begin., my . . . .| —14 | —23 | —383 | —51 | —84 | —6.0

My, { mean, m . . . .| —21 | —29 —3.8 | —5.5 —87 | —6.0
end, my . . . .. —41 | —44 —49 | —6.1 —91 | —6.0
Relative duration | 0.0301 ! 0.0219 | 0.0148 | 0.0060 | 0.0007 |(0.021:)
Duration, years 3,9.108 ‘ 2,8.108 | 1,9.108 | 7,8.107 | 9,1.106 | 2,7.10%

* u Her. br.; ** Y Cygni; *** H. D. 1337 br.; **** Trumpler’s typical
O type star; no effect of hydrogen content assumed.

to the actual luminosities of the stars. The relative duration
is computed with sufficient precision from the formula

5.34 M
mo— m1) M

tret. =1 .2.512—‘4'8—"“"[1 — 2.512""""”*)],

and the mean bolometric magnitude as in Subsection a from
—m

where 4 is a small correction = 0.2 — 0.0 mag, and where m,
and m, are the initial and the final bolometric magnitudes;
the first formula implies a linear change of the magnitude
with X (hydrogen content), which is not quite correct, but
sufficient . for the relative duration; the absolute duration for
M = 1, however, is taken from Table 4 where it was computed
step by step, without simplifying assumptions. The most
interesting feature of the table is the still considerable
relative duration for massive stars: the smaller increase of
luminosity- with exhaustion partly balances here the greater
initial speed of evolution. Nevertheless, for masses exceeding
2.0, there seems to be a shortage of the subatomic energy
source even with the short time scale.. There exists, of course,
a possibility of increasing the figures: allowing for uncertainties
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in the internal structure, the initial hydrogen content may
be increased to about 50 per cent, which lengthens the dura-
tion of the “dwarf” stage by 25 per cent in proportion to the
-store of hydrogen (the theoretically fainter luminosity for the
increased hydrogen content does not lengthen our time scale,
because we started from the observed luminosity of the sun,
and computed the rest in a differential way). On the other
hand, for incomplete mixing (composite model), only a fraction
of the mass is involved in atomic synthesis, so that the
duration of the dwarf stage may be shorter. The composite
model may be supposed to enter the giant stage after the
exhaustion of perhaps 0.25 of the internal mass, thus after
one-quarter of the time interval of Table 5. With 8.10° years
as the maximum age, the minimum mass of a giant equals
in this case 1.2¢), which more or less corresponds to the
observed limit (RT Lacertae, 1.0 and 1.90; ZHer {t, 1.80); etc.).

f. Semi-giants.

- It; is tempting to identify the Mt. Wilson s (sharp) and
n (nebulous) classification of B and A type stars ®® as corre-
sponding to our two subdivisions of stars without collapsed
cores: s, about 0.8 mag brighter than » (for the same spectrum),
with the “sharp” linés corresponding to a smaller surface
gravity, may be identified with the “semi-giant” stage, and =
with the dwarf stage. From certain complicated considerations
here omitted we estimate the difference of luminosity for
equal mass, at 0.8 X 3 =1.2 mag. From Table 5 it appears
that the duration of the non-collapsed stage at M ~ 2.50
(A stars) is certainly shorter than 8.10° years for the composite
model (~ 0.25 of the tabulated durations); as mnon-collapsed
stars are still observed, we must suppose that these stars are
continually born in the place of those which have become
giants; in such a case, the relative number of the n and s
stars must be proportional to their relative lives, or inversely
proportional to their luminosities, or 8:1 for Am =1.2, as
found above. For northern stars brighter than the fifth
magnitude (complete selection) we find indeed 69 stars Bsn —
A3n, of a mean absolute magnitude 1.0, against 24 stars B8s —

7 %
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- A3s, My, = 0.5%*; for equal volumes of space, the number of
s.stars' must be counted to m = 4.5 and is 17; this. requires
a ratio .of the relative lives about n:s=4:1, or slightly
greater than the theoretical ratio (3:1). The agreement in
relative number and.luminosity is hopeful indeed. If A and
B 'stars can be .identified as non-collapsed, i. e., as dwarfs or
semi-giants, their: presence in the Galaxy, when confronted
with the figures of Table 5, and allowance made for the most
generous increase of these figures, would require: a steady
supply - of such stars, to replace those entering the giant
stage. The . production of new stars (not Novae) cannot, of
~course, be limited only to these classes, but must be in this
case a more general phenomenon.

- The Mount Wilson s and n subdivisions may be ]ooked
upon also as different stages of exhaustion ofthe adiabatic model;
from formula (40’), for M = const., R ~ [(1 —X) X010 (1 — B)014,
we find for M = 2.5, and an interval of luminosity
Am = 1.5 mag, X; = 0.40, X, = 0. 21 py=0.92, 1 — B; = 0.0145,

U =1.26, 1— f, = 0.042, and log R = —0.049. This gives an
2

effective relatlon L ~ R thus a slow increase ofradius with
luminosity (for X near 0 the radius begins to:decrease again).
In such a case, the difference -of luminosity between #n — s is
0.8, practically the same for equal mass, as it is for equal
spectrum, and the relative: number of n:s to be expected is
2:1, thus: a greater deviation from the observed ratio (4:1);
the difference, however, is not serious. More serious is the
question of surface gravity which for the adiabatic. model
varies as ¢ ~ L% and requires a ratio g,.:9. = 1.12 only,
too small to influence sensibly the appearance of spectral lines;
whereas for the “semi-giant” theory of the -As stars the ratic
of ‘surface gravity we estimate at g,:9, = 2.8, which may be
considered as sufficient **. It is, therefore, possible that the
Mount Wilson As stars are “semi-giants”, on the point of
becoming giants. The An stars may thus be supposed to

¥ The difference s — -n ='0.5 mag is smaller than the difference for'a
given spectrum (0.8 mag), because of a preponderance of early n subc]asses
and late s subclasses in our sample.

*# Computations referring to the semi-giant model will be given .in
another paper. = - : . _
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contain: . all eomplete .adiabatic models, and ‘the younger
composite: models; whereas ‘As contain only the advanced
composite models; in such a case the relative number n:s
should- be greater than the expected 8:1, as actually is the
case (4 1). - :

9. Statistical equilibrium of evolution.

Let us consider now the possibility of an evolution from
the main ‘'sequence towards giants with a continuous supply
of main sequence stars. Taking 3.10° as the age of our uni-
verse, and assuming a uniform rate of the generatlon of new
stars (not Novae) — the order of magmtude may be right
although more stars may be supposed to be generated at the
beginning — further’ dssumlng that the dwarfs after the
lapse of a time interval ¢, become giants, — the relative
number of giants and dwalfs (1nclud1ng sem1 gla,nts) of a
given mass Wlll be proportional to

n, 3_109—1‘,‘ N
e A
where ¢, is the ‘total duratlon of the non-collapsed stage;
the formula holds for ¢, <C 3. 10¢ only, and for the case of an
infinite- (sufflclently ]ong) hfe of the giants;. fort = 8.10%,
n, = 0.

’ If, however, giants are also doomed to a short life, ¢, (41)
holds for t, > 8. 109 — Lo whereas for t < 8. 109—t We haye

n ¢ - SN N
= 2—"- Ce e e e (42).
d

The hypothetical “disappearance” of a giant, at the end
of its life, may consist in it becoming a Wolf-Rayet star
" (similar to a nucleus of a planetary nebula) of high effective
temperature and density; the difference of visual minus
bolometric magnitude for high temperatures runs as follows:

“Table 6.
Visual minus Bolometric Magnitude.
T, 3.10* 6.10¢ 10° 2,105 38.105 5.10° 10

m,—m 423 43 56 7.9 93 109 182
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Thus, if the surface temperature of the former giant
attains 10° (such a temperature has been actually observed
for nuclei of. planetary nebulae, cf. ), and if its bolometric
magnitude remains unaltered, it will appear fainter by about
five magnitudes, so that less than one per cent of the former
" giants can be observed. Still higher effective temperatures
may occur; for T, > 108 this would mean complete disappear-
ance of all former giants from our catalogues (such high
temperatures have not yet been observed, but perhaps for the
same reason — they cannot be observed; the high temperature
stars are practically invisible). '

Table 7 contains data which may be used as a crucial
test for the question of the persistence of the giants. The first
half of the table refers to the distribution in our Galaxy,
based on the data derived by the writer and his collaborators4?
from proper motions of the Boss catalogue; the original
figures, referring to a fixed limiting apparent magnitude, are
reduced to equal volumes of space with the aid of Kapteyn’s
mean density function. The second half of the table represents the
mean distribution for three globular clusters, derived from Shap-
ley’s data .. The “main sequence” is supposed to include the
dwarfs and the semi-giants. Actually, the giants are distinguished
by their mean density, and there is a possibility for the main
sequence to contain collapsed stars with a giant structure,
but of high mean density. The line of demarkation is not
very definite, but this introduces little uncertainty into the data
for the Galaxy, because stars with transition spectra are few in
number there. For the globular cluster, the stars near m,, = 0
are most numerous for transition spectra, and the relative
numbers depend more upon the choice of the line of demarka-
tion between giants and main sequence stars.

On the assumption that all main sequence stars are trans-
formed into giants within time intervals comparable to about
one-quarter of those of Table 5, the distribution “around the
sun” in Table 7 can be satisfied only by assuming comparati-
vely short lives for the giants; a trial-and-error solution gave
a rough representation, according to formulae (41) and (42), of
the observed frequency of giants, with the following assump-
tions: f; =1t = 0.3 times the total ages of Table 5; m, = m_*.

* The approximate equality of the average luminosity of a giant and a
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Table 7.
Distribution of Bolometric Absolute Magnitudes
Around the sun, D< 125 parsec Globular cluster (Shapley)
Mpolom. : :
oom _Main sequence|| - Giants | Main sequence Giants
, Num- Num-| Colour |Num-|| Colour |Num-
Spectrum| "y, |Spectrum o class ber class | ber

—8 0 0.018/BO-—M | 0.005) . . . . 0 0
—7 0 0.045|B0O—M | 0.047} . . . . 0 0
—6 0 010 (BO—M 011 | . ... | O | .... | O
—5 O—B2|26 |B3—M | 0.7 0 b5 —m | 0.7
—4 O—B5|25 ||B8&—M |25 0 » 12.7
—3 O—-B5|18 |B8—M 23 C e 0 » 18.0
—2 |BO—AO0| 105 |A2—M | 51 < a0 03 | a0—m | 46
—1 BO—A5| 122 (FO—M | 420 < f0 81 || f0 —m | 109

0 |B3—A5|460 |FO—M | 910 < f0 143 » 174
+1 AO—F2| 1380 [F5—M | 890 < f0 60 » 155
+2 A0 — GO | 4400 || G5 — K5 | 2400 :
+3 | A3 —Gb | 34000 KO — K5 | 4300
+4 F5—G5(8000....| 0

The same assumptions, however, do not in the least fit the
distribution in the globular clusters; unless all these are less
than 6.107 years old (thus less than the time of one revolution
or oscillation in the Galactic system), the existence there of
red giants, unmatched by main sequence stars, can be explained
only upon the assumption of a great persistence of the
giant stars, £, >50¢,. The discrepancy can be removed only
by rejecting our first assumption: we conclude, that not all
main sequence stars can be transformed into giants; this-con-
clusion agrees with our theoretical considerations (Sections 5
and 6: complete adiabatic structure).

The absence of bright main sequence stars in globular
clusters may be explained by assuming that no “new” stars
are born in the cluster, all its stars being of equal age; in
such a case the more massive stars have either become giants,
or collapsed into superdense Wolf-Rayet stars which have become

main sequence star of the same mass is an observed fact, cf. { Aurigae and
Y Cygni above; the smaller hydrogen content of the giants is partly a compu-
tational result counterbalancing Eddington’s correction — 2 log T, .
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invisible on account of their high effective temperature. For
an age of 8.10° years, Table 5 sets the limit of collapse for the
adiabatic model at M/Me=1.9 (thus above Chandrasekhar’s
limit. of degeneracy for zero hydrogen content), initial magni-
tude my,= 2.3; the bolometric magnitude at the end of the
main sequence stage, at complete exhaustion, then is: m;=—2.8
(ef. Table 5). Shapley’s data according to Table 7 indicate a
limit at —2.0; a betier agreement one could hardly expect.
Assuming a monotonous distribution of the initial magnitudes,
the theoretical distribution of the final magnitudes of main
sequence stars in a globular cluster is found to be as follows
(cf. Tables 5 and 4; the magnitude excess m —m, as a func-
tion of relative age is computed with the aid of the latter
table, with a reduction of the difference in a proportion of
m——lé—;m"; only the adiabatic model, i. e., the durations of Table 5
are assumed, as only this model determines the “top” of the
residual frequency of luminosities in the clusters, the compos-
ite model main sequence stars having changed into giants
much earlier): :

Frequency of Main Sequence Magnitudes (bol.) in Globular
Clusters, and Final Magnltudes '
Initial mag.,m, . . 38 | 28 |27 |96 25 | 2.4 | 2.35] 2.325) 2.3l
Assumed frequency Coe 51 46 42 38 19 10 | 64 3.6
Duration of main | | :
sequ. stage, to_7110938.109... A N X OB (g
Relative age, RERR | .
(31094, == . . 042 | 0.79 0.84/0.88/0.92/0.96 | 0.98| 0.990| 0.996| 1.000 -
Final (present) hyd- ‘ '
" rogen content, X %' 34 25 | 23].21| 19 14| 10 7 4 0
Final (present) S ' o
;mag., m = . , 3.3 1.5 ]1.2.10.9 0.5 |-—0.2]| —0.75| —1.28| —1.69; —2.3

The resulting distribution, arranged according to the mag-
nitude limits of Table 7, is:

‘Bolom. mag. m;

limits . . . 15...05 05...—05 —05...—1.5 —15...—25 <—25
Number, com- '

puted. . . . 139 48 22 6.6 -0
-‘Number, ob- :

served . . . 60 143 8 0.3 -0
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The disagreement between the computed and observed distri-
butions lies chiefly in the observed excess about zero magni-
tude:which is near the median magnitude of the cluster type
variables :(cf. Shapley¢!); if this maximum is’-smoothed out, .the
agreement: between observed and computed distributions may
become complete; the maximum, and perhaps the cluster type
variability, may be intimately connected with some peculiarity
in stellar structure where the exhaustion of hydrogen has attained
a certain- degree (about 15 per cent, as follows from the table).

Thus, the presence of massive and luminous main  se-
quence stars in the Galactic System in general we choose to
ascribe to stars being continually formed in the place of those
which become giants, or which collapse. The distribution of
the ages of meteorites (probably mostly interstellar) as deter-
mined by Paneth® (cf. also?) from the helium-radium ratio is
suggestive of a continuous condensation of diffuse matter at a
uniform rate (no matter whether the meteorites are products
of direct condensation, or fragments of larger bodies):

Age, millions of years 0—500 500—1000 1000—1500 1500—2000 2000—2500

‘Number of meteorites 4 4 6 ... 3 . 4
Age, millions of years 2500—3000 > 3000 — —
Number of meteorites 3 , 0 —_ —

Thus, theé assumption that stars in the'Galaxy are also born
at a uniform rate does not seem quite arbitrary; in any case,
there seems to be enough diffuse matler still left for such a
purpose. Our other assumptions, based upon all the preceding
~theoretical and observational evidence, are: that all stars start
as main sequence objects with a conventionally constant hyd-
rogen content of 40 per cent; that a fraction a of them are
adiabatic models, to which the figures of Table 5 apply, and
which disappear observationally after the exhaustion of hydro-
gen and the following collapse (Wolf-Rayet stars for ¥ >1.6 O,
cf.  Table 6; white dwarfs for M < 1.6 ©); that a fraction 1-—a
of them are compound adiabatic-radiative models, which after
an intermediate semi-giant stage of shorter duration (cf. above)
become giants after the lapse of 0.3 the durations of Table 5,
with a mean luminosity equal to m of that table (this is
an empirical fact, although the decimal of the mean magni-
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tude is not warranted); that the giant stage for any giant
lasts for more than 8.10° years (cf. globular clusters).

Upon these assumptions, and with 8,0.10° years as the
maximum age, the frequency table for the Galactic System
(Table 7, 1-st half) is analysed below. Unlike the globular
clusters, where all stars are of the same age, all ages are
represented in the Galactic System, and it is therefore permiss-
ible to use the average magnitudes (m of table 5) as repre-
sentative of the average masses. The statistical equilibrium
number n, of compound main sequence stars is computed from
the observed number of giants by formula (41) (n,= n,,
t,= 0.8 ¢); the number =, of existing adiabalic models is
ny =mn,, —mn,, where n, is the total number of observed main
sequence stars; the number of collapsed (invisible, in any case

not counted in Table 5) adiabatic models n, is given by the
~ same formula (41), with ¢, =1¢ (duration from Table 5), and
with n, for n, n, for n,. The total number of adiabatic models
which have come into existence since the creation of the
Galactic System is N, = n, - n_; the corresponding number of
composite models is N,=mn, +n,. The relative frequency of
composite models born is

1—a , Whereas the relative fre-

.
— v—,

N, + N,
quency of composite models among observed main sequence stars

is ¢ = ™ | On these lines, Table 8 has been computed.

ndw

The most remarkable feature of this table is, for m >—1.0,
the steady behaviour of 1— a (last line) fluctuating around 0.5,
and the sudden drop for greater luminosities. If our imter-
pretation is correct, this means that masses below 4.80O have
an equal chance to become adiabatic, or composite; whereas
- for larger masses the probability to become composite is small,
about 0.06; the considerable frequency of luminous giants is,
from this standpoint, explained by their longer life; all, of course,
depends upon our assumptions. :
As to the residual small fraction (1—a) of composite
models for M>4.8 MO, it may be due to an original differ-
ence in composition between the central region and the rest

of the star (cf. Section 5. 4, and below).



T.P.30.3 : Stellar Structure 107

Table 8.

Analysis of the Frequency of Main Sequence and Giant Stars
in the Neighbourhood of the Sun.
D <125 parsec. 1 —a = fraction of compound radiative-adiabatic
models born (a = fraction of adiabatic models).

My (= Myperren) 4.0 3.0 2.0 1.0 00 —10

MMy ... 1.0 1.4 1.8 2.2 2.8 3.6
¢, years . . ... . 1,3.1010 7,1.10° 358.109 2,2.109 1,2.109 7,4.108
By e 0 4300 2400 890 910 420
Ny o e e e (< 8000) 12600 1400 250 120 33
Mgy « « - « o - 8000 34000 4400 1380 460 122
g="mg, . ... ... 037 0.32 018 026  0.27
Mg o v oo e o < 8000 21400 . 3000 1130 340 89
N, ... .. 0 0 0 410 510 270
N, .. ..... < 8000 21400 3000 1540 850 359
N, . ... .. < 8000 16900 3500 1140 1030 453
l—a . oo L 0.44 0.54 0.42 0.55 0.56
My (= M pserved) —2.0 —3.0 —4.0 —5.0 <—6.0
MME ... 49 13 10.8 14.9 25:

t, years . . . . . 4,3.108 2,8.108 1,7.108 9,7.107 5,6.107
ny, e . 51 23 25 0.75 0.16
Ny e v e 2.3 0.66 0.04 0.008 0.001
Py =+« v o o e 105 18 2.5, 2.6 0.16
g="lng, . . . . 0.022 0.037 0.016 0.003 0.006
Moo o oe e e e 103 17 2.5 2.6 0.16
N, o 650 160 40 75 8

N, o oii 753 177 42 78 8.2
N, ... 53 24 2.5 0.8 0.16

l—a .o .. .. 0.066 0.12 - 0.056 0010  0.020

~With respect to the Mount Wilson » and s subdivisions
of A— B stars, Table 8 opens up a different prospect; for the
typical A star, the table suggests a ratio of ny:n, ~38:1, or
approximately equal to the observed ratio of n:s (cf.above); in
such a case it may seem that the s subdivision comprises the
entire composite model class, whereas n corresponds to the
- adiabatic model. It is, however, not advisable to go more
deeply into these details.
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- Our general results seem to be in favour of our original
assumptions made in connection with Table 8; it seems that
these assumptlons may be used as a Workmg hypothesis in
future research. As to the correlation of R and M found in
bubseotlon b, in view of the dpparent]y homogeneous material
for the most important range of the correlation (for M<<4.30,
constant small fraction g = 0.28 of composite models in Table 8),
corresponding chiefly to the typical adiabatic model, the con-
clusions drawn with respect to the law of energy generation
(s = ~ 19) may be considered corroborated: for the adiabatic
- model a considerable progressive inflation of the radius with
mass does not seem possible. \The chances for the reaction
H!++H'- H? with the protons in their ground states governing
the atomic synthesis are thus rather low.

 h. Probable structure of the sun and the main sequence stars.

With respect to the structure of the sun and the main
sequence stars somewhat more definite statements can now
be made... From .Table 8 it appears prabable that of the main
sequence stars born about 50 per cent remain adiabatic models,
the other half being transformed into composite models. Now,
a composite model for a given mass and radius must possess
a higher central temperature than the adiabatic model (cf.
Table 2: the complex model must have a central temperature

‘ . 1
between the temperatures corresponding to = = 7~ 1712,

and n = 3); on the other hand, for a given luminosity (constant,
or approximately constant) the subatomic energy sources re-
quire an almost constant central temperature; the composite
model adjusts itself, therefore, from the beginning, to a radius
by 80—40 per cent larger than the radius of an adiabatic
model of the same mass, and progressive inflation with the
gradual exhaustion of the.core increases the difference (semi-
giant stage). In fig. 8 the radius.of the sun is 7 per cent
less than the average, thus the sun is apparently an adiabatic
model, and Table 4 probably refers to the actual sun; the ice
ages - may perhaps be explained by assuming a perturbing
effect of -a very small central core which is too small to disturb
the general adiabatic equilibrium. A number of individuals
in Fig. 8 may be classified as composite models:



T.P.30.3 Stellar Structure 109

Star. ;.. ..... ... .Procyon Sirius A .8 Aurigae av. TV Cas. br-
Mass . . ... ....... 1.2 24 24 | 24
Excess of radlus per cent . . 66 23 ; 44 ' o 38

- a Centauri B seems to belong to the same class, but this
result depends uponestimated colour temperature and is therefore
uncertain. The radius of Procyon agrees more or less with
Strémgren’s figure, whereas Sirius A differs on account of the
discrepancy between the measured and Stromgren’s mean
adopted temperatures.

i. Close binaries and expanding envelopes.

If a main sequence oomponent of a binary is going to
become a giant, its expanding envelope may touch and ericlose
the companion; .the event must lead to catastrophic conse-
quences (even when the period of rotation has time to settle
itself equal to the period of revolution), perhaps to some kind
of a Nova phenomenon. The frequency cannot be great: about
one-tenth of the total number of giants in the Galaxy per 8.10°
years, or about one in 100 years. Distant companions of large
eccentricity may be also “swallowed” by the expanding glant in
which case the effect may be especially violent (revolution and rota-
tion cannot be equalized). Perhaps Supernovae may be explained
in such a manner (atomic synthesis explosion stimu]ated by
the collision).

k. Coexistent faint glants.

Thus, main sequence stars may become giants, but need
not. The considerable number of eclipsing binaries with an
early primary, and a considerably fainter typical giant second-
ary, in spite of the strongly favoured selection of such eclips-
ing systems, is still an argument against the supposed evolu-
tion of the more massive main sequence stars either into giants
or into collapsed nuclei: during the time when the fainter
component has become a giant, the brighter must have long
ago finished its course of evolution. The argument is, how-
ever, a. weak one: from among visual binaries, from which
selection of this kind is absent, the main sequence — giant
pairs are also practically absent (the rule being: primary =giant;
secondary = main sequence); the eclipsing binaries may re-
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present exceptional cases. Perhaps for these the giant structure
of the companion has developed at an early date of the star’s
life, the giant structure being due to the formation of a core
with little hydrogen content at the very beginning, as con-
sidered below.

l. Central core of meteoric material.

A giant structure, i. e., an extended outer shell, and with
an excessive concentration of mass towards the eentre, can be
- produced by an increase of the mean molecular weight towards
the centre (cf.l, p. 130), and by a peculiar distribution of the
energy sources, produced by a central exhausted core (Sections 5
and 6); both conditions are attained early by making hydrogen
originally less abundant near the centre than in the outer
regions of a star. Let us inquire into factors other than
exhaustion which might have led to a non-uniform distribution
of hydrogen inside the star.

The diffusion of electrons, with the electrostatic field
forcing protons to follow (cf. Rosseland, *?), can hardly be made
responsible for the differentiation, simply because of rotational
mixing alone; at an early stage of the contracting nebulosity,
when the rotation must have been slow (conservation of angu-
lar momentum), the differentiation might have taken place, but
the time intervals in the most favourable case of feebly ionized
matter (largest u and temperature, large free path of the elec-
trons undeflected by ionic fields) are still too large; we find

the time of relaxation (cf.%, p. 277 1.; 7=20): ¢ ~ 3.1011 V%, thus

decreasing with increasing radius; for M = 10* gr (50),
R =10" cm (one light year, T, = 100° only), ¢~ 3.101°
sec = 101% years: during the short early history of the con-
tracting star no electrostatic differentiation could have taken
place. .

But, at the low temperature of the primordial nebula, meteor
particles may start condensing and increasing in size (cf. Lind-
‘blad,*4); as shown by Jung 45, electrostatic forces due to ionization
in interstellar space would actually resist such an accretion of
‘meteoric mass except when the gas density o exceeds ~10-22g/cms3.
In our example, o ~ 10—2, and increases with contraction, thus
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the process is quite possible. The meteoric dust particles,
instead of continuing their rotation with the rest of the gas,
are forced by gravitation to fall towards the centre (because
they are no more supported by gas pressure, and because the
velocity of rotation of a nebula which is able to contract at
all must be negligible as compared with the eircular orbital
velocity); resistance of the medium (proportional to the mass
acquired by the -meteor) decreases the major axis and the
ellipticity of the originally very elongated ellipse; as a result,
the condensed meteoric dust (it may also have been partly
captured from interstellar space) collects near the centre of
the future star (our present solar meteors are the last rem-
nants of the nebula; they no longer suffer much from the
resistance of the medium, that is why most of them have still
almost parabolic orbits). Now, as taught by the observed
composition of meteors and by chemical considerations, in the
process of condensation hydrogen (free or water vapour),
helium, and nitrogen are not included, whereas oxygen is partly
chemically bound (stone meteors) and collects with iron, nickel,
and other metals near the centre. Thus, in the process of
condensation, a strong dlfferentlatlon in the required dlrectlon
must take place. '

It is probable, therefore, that a nucleus poor in hydrogen
and soon exhausted is. present in each star from the very
beginning; but the nucleus is mostly so small that the radius,
luminosity, and evolutional trend of the star remain practi-
Cal‘ly the same as they would be without the nucleus; in rare
cases (< 6 per cent of all, judging from 1—a of Table 8 for
M=>4. 30), the original nucleus is large enough to force upon
the star an evolution towards the giant model, which in some
cases. may start from the beginning. Our conclus1on is that
the stars from the very beginning may possess somewhat
distended atmospheres and concentrated central masses, due
to the deficiency of hydrogen at the centre; rotational mixing,
which sets in powerfully enough at an early stage of contrac-
tion (when the central convectional currents have not yet
started), is apparently unable to upset the differentiation (cf.
Section 4. f, and 5. k), especially as the larger molecular weight
at the centre increases the convectional stability of the distri-
bution. Further, as the result of concentration' and greater
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molecular weight, the central temperature :must be higher
than for uniform composition. We  further call the model a
differentiated one. In the differentiated model it is convenient
to distinguish schematically a core of greater molecular weight
(~ 2), surrounded by an outer shell of w ~ 1. Let us inquire
whether giant structure can be .produced without the inter-
vention of the.subatomic energy. If subatomic sources of
‘energy are absent, and rotational convection is slow, the whole
~differentiated model is in radiative equilibrium (cf. Section 5. &} ;
the energy production is:chiefly determined. by the central
core which is an incomplete polytrope. The outer shell, fitted
to it, takes little part in the energy production. If a large
‘proportion of the mass is in the core, the luminosities of the
stars must be much greater than observed, unless we assume
the hydrogen content in the core as high as now assumed for
the envelope (~ 40 per cent); a small core does not imply
“such a difficulty (cf. Subsection a). The energy is furnished
by gravitational contraction; subatomic sources being absent
in- and outside, there is no such obstacle to the outer shell
following the collapsing inner core as considered in Sections 5. f
and 6. e. Therefore the contracting model may reveal only
moderate inflation (semi-giant structure), and the origin of
diffuse giants remains a mystery as before.

Taus, we are forced to accept the efficiency of the subatomic
sources of energy even in the case of the originally differentiated
model; exhaustion of the central source, and intense subatomic
energy starting only at a certain distance from the centre,
give rise to distending forces through which an actual giant
comes into being *.

Tartu, October 19, 1937.

* These qualitative considerations will be discussed mathematically in a
paper to follow, where examples of the corresponding stellar models are given..
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