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I. Introduction and Summary.

The present paper, which has been prepared with the assist-
ance of the computing staff of Tartu observatory, represents the
continuation of an earlier publication!); the method of calculat-
ing the probability of a positive excess in the frequency of
stellar densities on a chart is made here more precise and practic-
able; also, for geometrical configurations of adjacent areas,
numerical values of the probabilities are calculated, whereas in
the first paper these configurations were judged merely “by im-
pression”. A rediscussion from the new standpoint of the irregu-
larity of stellar distribution in the Paris Zone is made, and some
conclusions, arrived at in the first paper, are subject to revision.

The mathematical analysis of stellar distribution enables us
to locate irregularities of stellar distribution with a certain calcul-
able degree of probability, in many cases approaching certainty.
But with respect to the physical cause of the observed irregula-
rities, the statistical analysis of a single photograph does not give
us positive information; we cannot tell whether an observed va-
cancy is due to the presence of an obscuring cloud, or whether
it represents a real vacancy, a region of physical avoidance.
A positive answer to the question may be got from photographs
of the same region showing stars to fainter limiting magnitudes,
where the effect of an obscuring veil must persist whereas the
effect of stellar clustering will be changed. In this way Shapley ?)
has shown that many of our “obscured’” regions published in the
first paper are most probably due to real irregularities in the
distribution of stars in space, and that in some other cases ab-

1) “Stellar Distribution etc, with a special discussion of the Paris Carte-
du-Ciel Zone § = + 249, By E. Opik and Miss M. Lukk, T. P. 26.2, 1924,
Referred to in the following as the first paper.

2) H. Shapley, Note on Obscuring Clouds in High Galactic Latitudes,
Harvard Circular 281, 1925.
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sorption by dark matter appears probable. We may add that most
of the non-confirmed regions of obscuration do not show unusual
geometrical configurations, in the light of the present ana-
lysis. Qur analysis of geometrical configurations indicates
that among the fifteen Paris charts in' galactic latitude
over 23°, and for which star counts were repeated at Harvard,
only 4.2 or 28 per cent (mathematical expectation) have true va-
cancies, whereas the rest of the vacancies are by no means un-
usual and must be regarded as due to pure chance. The Harvard
counts indicate that these few true vacancies in high galactic
latitudes are not due to absorption of light by cosmic clouds.

A positive result of our statistical analysis is always ambi-
guous with respect to its physical interpretation; but a negative
result is definite, at least when it refers to a statistical entity,
and not to an individual case. Of the filty Paris charts between
galactic latitude 45° and 87°, only one, Nr. 78 (B = -} 46°), shows
a somewhat unusual vacancy, the probability of its reality being
0.94; none of these charts do show any unusual excess of low
star densities; whereas for 27 per cent of these charts the distri-
bution of high densities and their geometrical configurations are
unusual, or “real”. This may be interpreted as a practical absence
of obscuring clouds, and a moderate but conspicuous effect of
real irregularity in stellar distribution (“clustering”) in the part of
the zone with galactic latitude over 45°. For the rest of the Pa-
ris zone, in lower galactic latitudes, a marked preponderance of
“clustering” persists, the irregularities on the high density side
being more frequent than among low star densities; the unequal-
ity, however, is not so conspicuous as for the high galactic lati-
tudes; it appears that also in low galactic latitudes clustering
is more prominent than obscuration; but the existence of some
confirmed and well known regions of obscuration indicates that
clustering cannot be regarded as solely responsible for apparent
irregularities in stellar distribution. We remind that these con-
clusions refer to an average distance of stars of the fourteenth
magnitude.

In our first paper, a valuable research by Pahlen’), referring
to the same subject, was overlooked; Pahlen’s paper is apparently

1) E. von der Pahlen, Uber die Wahrscheinlichkeit von Sternverteilun-
gen. Dissertation. Gottingen 1909. '
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the first attempt of an investigation of stellar distributions from
the standpoint of the law of chance. Unfortunately, his method
of attacking the problem is not only rather complicated, but also
of little use in real cases; his method of calculating the proba-
bility of a whole observed distribution, being mathematically cor-
rect, depends too much upon different natural and observational

sources of error; e.g. he gets a probability of 10721 for a chart?)
which apparently shows but a very slight deviation from the
theoretical distribution; by the method of calculation exposed
below, we find that the positive excess on the low density side
has a probability 0.09, whereas on the high density slope the
probability is 0.08, values which are not unusual and by no
means comparable with Pahlen’s extraordinary value. The explan-
ation is, that Pahlen’s method of calculating the probability of
a given distribution depends upon all possible factors influencing
the distribution, among which a number of irrelevant factors
such as errors of observation, non-uniformity of the telescopic
field etc?), are always present; if considered from such a stand-
point, an observed distribution is always improbable, and an
over-sensitive method such as Pahlen’s may give low probabilities
in cases where the deviations from a chance distribution are irre-
levant. The method of calculating the probabilities given below
is insensitive, especially to small influences; also, the method is
applied not to a whole distribution, but only to its two extreme
portions, where the influence of real factors, such as obscuration
or clustering,is felt the most acutely. It seems that in this man-
ner we have succeeded in calculating real probabilities, referring to
deviations from more or less a chance distribution, such which
may appear as the result of different observational and natural
irrelevant influences; these probabilities may serve as a measure
of the reality of relevant factors.

II. Probability of a Positive Excess.

With respect to the general statement of the problem and
to notations, we refer to the first paper. We are concerned only
with a certain kind of deviations from a chance distribution, such

1)Loec. cit., p. 22, table for N = 1163, n = 169,
2) Compare T. P. 26. 2, pp. 8-—21.
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which may be the result of a cosmical cause; such deviations
must have always the character of a positive excess; in the
distribution of star densities over a given region, a positive ex-
cess means that the frequency of small and large densities is
greater than expected from the law of chance; intermediate den-
sities are deficient in this case, as a natural consequence of the
excess on the extremities of the frequency table. We might treat
this deficiency of intermediate densities, but it does not seem
profitable; first, because the “central defect” represents often
only a small percentage of the frequency itself and is too much
subject to accidental variations; secondly, because the two ex-
treme branches of the frequency table are to some extent inde-
pendent and permit of a separate treatment of high and low den-
sities. Thus, we have to limit our attention to the extremities of
the frequency table.

In the first paper, formula (11)!)gave an expression for the
combined weight, or the reciprocal of the mathematical expecta-
tion per chart, of a positive excess; this formula, being based
on the theorem of multiplication of probabilities, is somewhat
sensitive to irrelevant influences, although not in such a degree
as Pahlen’s formula; as may be seen from sample computations 2),
our formula gave rather large weights produced merely by obser-
vational errors (plus influence of double stars). For N = 200, these
spurious weights were 5 and 32 for the two branches respect-
ively ; for N = 1000, the weights were 45 and 128. Thus, not only
the spurious weights are large, but they are extremely sensitive
to the total number of stars per chart. The method described be-

low is practically free from this inconvenience.

The method is explained the most conveniently with the
aid of the following example referring to Paris Chart 168.3)

Instead of using, as in the first paper, the individual fre-
quencies, we take the cumulative frequencies n’, = = n, (observ-
ed), and n’. = 3 n, (theoretical), and calculate the cumu-
lative excess, n,, —n’,; for the sake of definiteness, we
limit our attention only to the part of the table for which the
cumulative theoretical frequency does not exceed 40, which is

1) T. P. 26. 2, p. 22.
2) Ibidem, p. 23—24,
3) T. P. 26. 2, p. 169.



T.P. 277 Stellar Distribution and the Law of Chance etc. 7

Paris Chart 168.
Computation of the Weight of a Positive Excess.

Low density branch of the distribution of densities

Star density, r 0 7 1 ) 2 - 3« | —:1 o 5
Observed frequency, no 1 0 2 12 16 20
Theoretical frequency, n¢| 0.2 0.9 3.1 7.4 13.6 19.8

n’o = X no 1 1 3 15 31 51
n’c = X n¢ 0.2 1.1 4.2 11.6 25.2 45.0
Excess, n’o — n’c +08 —01 —12 4 34 + 5.8

c 1.3 e ces 5.3 7.6

’ 4
x = Zo — e 0.6 0.6 0.8

c
W : b) cee ce 5 8

slightly smaller than one-quarter of the total sum of frequencies,
169; thus we do not take into account the data referring to r =5,
because n/, = 45.0 >40. In the table we find three positive, and
two negative excesses; for the positive excesses, according to the
approximate method described in the first paper'), we calculate
the individual weights, W. These individual weights represent
inverse probabilities for the given individual frequencies to have
a positive excess, equal or greater than the observed value.

Of these weights, we choose the greatest, in the present
case W = 8. This figure, however, cannot be used without
a correcting factor. It represents a selected value, out of a num-
ber of individual cases, or individual experiments — five in the
example chosen; chances to find large deviations in this way are
thus greater than chances in a single experiment. On the other
hand, the five individual cases are not equivalent to five inde-
pendent experiments, because each cumulative sum contains the
preceding sum also. The independent fraction of the cumulative

frequency is evidently ,?ch (only theoretical frequencies are to be

considered here), and the etfective number of independent experi-

ments is given by
N¢

§ = 3 ﬁc ... (1), the first member of the
sum, however, being always put equal to 1. In the following,
the sums (1) were computed only for n'c > 4. This restriction

1) Loc. cit., pp 22—23.
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represents a practical simplification of a more complicated theo-
retical requirement. In our sample, we find thus s = 1 -+ 0.7
4+ 06 4 0.6 = 2.9 .

The final weight of the positive excess in a given branch
of a frequency-function may be defined now as

W1 _ W max. (2);

- S

we shall use the notation W, for the weight of the ascending,
or the low density branch, and W, — for the weight of the des-
cending, or the high density branch. These weights we may use
not only for the computation of the frequency of occurrence of
positive excesses in chance distributions, but also as an indirect
measure of the strength of a given excess. We will call the
stronger one the excess with the greater weight.

This final weight, W, or W,, is not an inverse probability
any more; it evidently represents the inverse mathematical expect-
ation (per chart) of an excess equal or stronger than the observ-
ed one; W, is the reciprocal of the cumulative mathematical
expectation of the weight itself. But, for large weights, mathe-
matical expectation becomes practically identical with proba-
bility. The accurate expression for the probability to find at
least one, or more excesses equal to W,, or stronger, would be

r=1—(1— ﬁ)g . The use of this formula, however, is in-
1

convenient because of s being variable from chart to chart. We
prefer to make use of Poisson’s approximation for the probabi-
lity =, of an observed frequency n, when the theoretical fre-
quency n. is known:

=]

ﬂn=—cl— e n°...(3)1)
In the present case, n, = _\;V' ; the probability of an excess
1
weaker than W we get by putting in (8) n = o; thus
1
e = e W,
Hence the probability for the excess to be equal or greater
1
than Wy is w = 1 — e~ W, ... (4).
The error introduced by this formula is small; in the follow-
ing we find that important values of W exceed 2, and that s is

1) Compare also T. P. 26. 2, pp 6—7 and formula (l’).
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mostly close to 38; substituting W, = 2, s = 8 in the exact
formula, we get = = 0.421, whereas (4) gives # = 0.393. For
greater values of W,, the approximation is much closer.

The “spurious” weights, due to different sources of error,
come out as follows?): '

Number of stars per chart, N . 300 1000
W, 5 45
W, 32 128

W, 2.7 1.7
W, 1.4 1.1

Average spurious weights, first paper {
Spurious weights, present method {

The spurious weights, computed according to the present
method, are small and decrease with increasing number of stars;
this latter circumstance is especially favourable for the statistical
discussion. It seems also that, as the result perhaps of some
systematical error of counting?), the “spurious” positive excess
is practically zero. In any case, subsequent statistics of the
weights 3) indicates that the spurious weights need not be taken
into account.

ITII. Probabilities of Geometrical Configurations.

Let us consider a chart subdivided into » squares (v=169
considered here); let a number m of these squares be selected
by some criterion, independent of the position on the chart; in
a chance distribution, the star density, or number of stars in the
square, may be used as such a criterion. For real purposes, it
is matural to choose the squares either by their low density —
from zero to a certain upper limit; or by their high density,
exceeding a certain limit. The problem is to find the proba-
bility for a certain number out of these m squares to form an
adjacent group; or, to find the average number of single, double,
triple etc groups formed by these m squares in a chance distri-
bution.

As adjacent we count two squares having one side in com-
mon; those which are placed in a diagonal direction, having

1) Compare T. P. 26. 2, pp. 23—24.
2) Ibidem, p. 25.
3) Compare Table IV of the present paper.
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only one corner point in common, we do not regard as adjacent.
Fig. 1 may serve as an illustration, representing actual configu-
rations on a Paris chart. The thirty four squares of smallest
star numbers show following groups: two groups of eight squa-
res each; three groups of two; twelve single squares. The confi-
guration is rather unusual, the weight as given below being of
the order of 10° (computed as explained below). The thirty nine

=L =] + L+
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I O O ol RO B s
RN e
ot N O s el I O Bl
e
I ot O e O el IO
L
T L]
+ b=
N U U O o ol e O
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Fig. 1.
Paris Chart Nr. 127,
-+ .... densities below 5

— .... densities above 9.

squares of highest star density are grouped as follows: one group
of eight squares; one group of seven; one group of six; one
group of five; one group of two; eleven single squares. The
weight of the configuration is 70.

The exact theory of the frequency of different adjacent
groups is extremely complicated, especially because not only the
number of squares in a group, but also its form, the arrange-
ment of the single elements influences the probability. We chose
here the more convenient way of approximate theory checked
by direct experiment. We disregard the geometrical arrange-
ment in a group, and consider only the number of elements in
it as determining the probability. Relying upon the check by
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experiment, and for the sake of brevity, we do not give the deri-
vation of our formulae; only the final formulae are given as
follows. Let Xim; Xom; Xsm... denote the average frequency of
single, double, triple, etc groups formed by a total number m
of selected squares. When the values of x are known for a cer-
tain m, the corresponding values for m | 1 are given by the
following approximate formulae, referring to » = 169:

169—m—a 3.7
ot = Xim 169—m _ 169—m
37X 9.7 Xy m
Lot = Xom T T69—m  169—m
-+ (5)
5.7 X5 7.7%3 0
X = X, + B . »
3,m+-1 3.m 169—m 169—m
where a =2m+41.7 (X, , + X, , + X+ - F X, )
The computation starts with m =1, x, =1, x,=%x,=...=0.

For another total number of squares, the numerical coeffi-
cients are to be changed; e. g., for » =100, we have to substi-
tute for 8.7, 5.7, 6.7, 1.7 etc the figures 8.6, 5.6, 6.6, 1.6 etc,
and for 169 put 100. The formulae are the more accurate, the

smaller the I'atio%l is; it is not advisable to use the formulae

when this ratio sensibly exceeds 0.25.

The experiments were made with 169 cards, each represent-
ing thus a certain square of the chart; in each series of experi-
ments, a certain number m of the cards were specially marked.
The cards were carefully mixed and got thus arranged into an
accidental sequence. Assuming the ordinal number of a card
in this sequence to represent one definite square on the chart,
an artificial chart with a presumably random distribution of the
m marked squares could be constructed. The results of the
experiments, as compared with the approximate theory, are con-
tained in Table I

The agreement of theory and experiment is very good up
to m = 20; above that, certain systematic divergences occur.
Combining theory and experiment, and using graphical methods
of interpolation, the final Table Il was constructed; in this
table, the frequencies of x, to x; are chiefly from experiment,
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and were interpolated for intermediate values of m, whereas the
frequencies of higher groups are from theory and are calculated

individually ; x5, X, .

.. being given,. x, was computed from the

condition x; + 2x, + 3%x3 + ... + mx_ = m.

Table L

Experiments with Random Arrangements of m Selected Squares
among a total of 169 squares

a)ym =325 b) m = 10
264 experiments 128 experiments
Group X X, X3 > X4 Xy Xy Xy > Xy
Total observed 1197 60 1 0 1030 110 10 0
Average fobs. 4.53 0.23 0.004 0 8.05  0.86 0.08 0
per chart ltheor. 4.58 0.21 0.007 2.10-¢ 8.12  0.83 0.074 0.007
¢)m=15 d) m =20
88 experiments 64 experiments
Group X3 X X3 X4 > X3 X; X3 X3 X4 Xy >Xg
Total observed 957 131 23 8 0 832 162 30 6 2 0
Average { obs. 10.88 1.49 0.26 0.09 0 13.00 2.53 0.47 0.09 0.03 0
per chart theor.10.7 1.69 0.26 0.035 0.005 | 12.4 2.70 0.55 0.11 0.021 0.004
e) m = 25
48 experiments
Group X ) & X3 Xy X; Xg > Xy
Total observed 703 149 35 12 8 1 0
Average [ obs. 14.65 3.10 0.73 025 017  0.02 0
per chart  theor.  13.3 3.70 0.96 0.24 0.06 0.013 0.004
f) m = 30
40 experiments
Group X4 Xy X3 X4 X5 Xg Xy > Xg
Total observed 596 156 57 16 6 1 3 0
Average [ obs. 1490 390 142 040 0.15 0.02 0.08 0
per chart l theor. 135 464 146 044 013 0.038 0.010 0.004
g) m = 35
32 experiments
Group X3 Xy X3 Xy X5 Xg Xg > Xg
Total observed 503 136 59 23 10 2 2 0
Average { obs. 1572 425 1.8 072 031 0.06 0.06 0
per chart \ theor. 13.2 541 202 072 025 0.085 0.029 0.012
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Table I. Continued.
f) m = 40
32 experiments
Group Xy X X3 X4 Xg Xg X7 Xg > Xg
Total observed 462 140 70 28 15 10 7 4 0
Average { obs. 1444 438 219 0.88 047 031 022 0.12 0
per chart L theor. 122 599 258 1.07 042 0.17 0064 0.024 0.012
Table II.
Probable Frequencies of Groups. » = 169

m| x | x i X3 | Xy X35 | X X7 Xg

2 1.96| 0.022

3| 2.88/0.064(8X10—4%

41 3.75/0.13 | 0.0029 |3.5X10—5

5| 4.58/0.21 | 0.0072 | 1.7510—4 | 2.1%¢ 10—6

51 537 030 | 0.014 |5.0X10—¢|1.2X10-5 1.5X10—7

71 6.12/0.41 | 0.023 |0.0011 4.110—5 | 1.0)X10—6 | 1.3<10-8

8| 683054 | 0.036 |0.0021 1.0X10-4 | 3.9X10—6 | 9.7X10—8 | 1.3X10—9

91 7.49/0.68 | 0.053 |0.0037 2.2X10—4 | 1.1X10-5 | 4.2XX10—7 | 1.1 X108
10 | 8.12/0.83 | 0.074 |0.0061 4.210—14 | 2.6X10—5 | 1.3)X10—6 | 5,1X10—8
11 8.71. 0.99 | 0.10 0.0093 7.6X10—4 |5.5X10-5 | 3.4X10—6 | 1.7X10—7
12 9.2711.15 0.13 0.014 1.3)X10—3 | 1.1 X10-4 | 7.9X10—6 | 49107
13| 9.851.25 | 0.16 0.020 0.0021 2.0<X10—4 | 1.7X10-5 | 1.2XX10—%6
14 104 | 1.4 0.20 0.027 0.0031 3.4X10—4 | 3.3X10—5 | 2.8X10—*6
151109 1.6 0.25 0.035 0.0046  ,15.4X10—4¢ |6.0X10—5 | 5.8XX10—6
16 |11.45/ 1.8 0.29 0.046 0.0064 8.4X10—4 | 1.0)X10—4 | 1.1 X105
17 1119 12.0 0.33 0.059 0.0088 0.0013 1.4X10—4 | 2.0X10-5
18 }12.3 |2.15 | 0.87 0.073 0.012 0.0019 2.0X10—4 | 2.6X10—3
19 12,65/ 2.35 | 0.43 0.089 0.016 0.0027 3.5X10—4 | 4.4X10—5
20 |13.0 | 2.40 | 0.48 0.11 0.021 0.0037 5.6 X10—4 | 7.6)X10—53
21 113.3 | 2.6 0.53 0.13 0.027 “10.0050 8.4X10—4 | 1.3X10-4
22 113.6 | 2.7 0.59 0.15 0.033 0.0066 0.0012 2.0X10—4
231139 [ 2.8 0.66 0.18 0.040 0.0086 0.0017 3.1X10—4
24 114.2 |3.05 | 0.74 0.21 0.049 0.011 0.0023 4.6X10—4
251144 | 3.2 0.83 0.24 0.059 0.013 0.0031 6.5X10—4
26 114.6 | 3.35 | 092 0.27 0.070 0.017 0.0040 9.1 X10—¢
27 1148 | 3.5 1.05 0.31 0.082 0.021 0.0052 0.0012

28 115.0 | 3.7 1.10 0.35 0.096 0.026 . 0.0066 0.0016

29 | 15.05 3.8 1.20 0.39 0.11 0.032 0.0084 0.0021

30 {15.15/3.9 1.30 0.43 0.19 0.038 0.010 0.0028
311153 | 4.0 1.40 0.48 0.22 0.045 0.013 00035

32 115.35| 4.1 1.50 0.52 0.24 0.054 0.016 0.0046
331155 (4.2 1.60 0.56 0.26 0.064 0.020 0.0058

34 |15.6 | 4.3 1.70 0.62 0.28 0.074 0.024 0.0073
351157 |4.3 1.80 0.67 0.31 0.085 0.029 0.0091

36 115.75/ 4.4 1.89 0.72 0.34 0.098 0.035 0.011

37 115.75/ 4.4 1.98 0.78 0.36 0.11 0.041 0.014

38 1157 44 2.07 0.85 0.39 0.13 0.047 0.017
49 115.6 | 4.4 2.17 0.91 0.43 0.15 0.055 0.020
301154 44 2.27 0.98 0.47 0.17 0.064 0.024
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Table II. Continued.
m Xg X9 X X9 ‘ X3 ‘ X14 X5 X6
9]1.4¢10-10
10| 1.3%10—9 | 1.73¢10—1
116.85€10—2 | 1.65¢10—10
12]2.5X10—8 | 851010
13]7.7X10—3 | 3.8510—9 | 1.1)X10—10
14]2. 1X10—7 1.310—8 | 5.3X10-10
15 50><10_, 3.85¢10—8 | 2.2510-9
16| 1.1X10—8 [ 9.710—8 | 7.3X10-9 |3.4X10—10
17]2.3X10—% | 23%10—7 | 8.6)X10—8 |1.1 X109
184.310—6 | 5.010—7 | 1.2X10—7 |1.4X10—3 1,95 10—10
19| 6.7X10-6 | 9.95¢10—7 | 1.7X10—7 |3.13X10—8 |2.43X 109
20 1.1 X103 { 1.7X10—5 | 2.8)X10—7 [5.3)X10--8 |7.3X10—9 |4.410—10
21 ] 1.8X10—3 13.010-6 | 4.9%10—7 |8.9)X10—8 |1.6X10—8 [1.4X10—9
2213.2%10-° 5.0 10-6 | 8.5X10—7 1.5X10-7 |2.810—8 [4.1X10—9 |2.810—10
2315.2X10—3 | 8.6>10—6 | 1.4>X10—6 |2.6>X10—7 [4.9510—8 [8.610—9 |8.3<10~10
248.3%X10-3 | 1.4X10-5 | 255106 [4.45¢10—7 [8.6510-8 {1.65C10—8 |1.7510—9
25113X10—* 2.3X10—5 | 4.2XX10—6 |7.7X10—7 {1.5)X10—7 {2.9)X10—8 |4.6><10—9 [3.710—10
2611.9X10—¢ 3.8X10-5|7.00X10—86 |1.3)X10—6 |2.6X10—7 [5.2)10—8 [9.6>X10—9 |1.010—-9
27 12.7X10— 1 5.7X10-5 | 1.2X10—5 |2.2)X10—6 {4.410—7 [9.1X10—8 [1.9XX10—8 2.1X10—9
2813.8X10—4 1 8.6XX10—3 | 1.9)X10-53 {3.8)X10—8 (7.5 10-7 |1.6 X 10—7 |3.410—8 |5.8X10—9
2915.3X10—4  1.2XX10—4 | 2.9X10—5 {6.3)X10—6 [1.3XX10—6 |2.9X10-7 {7.0X10-8 |1.1X10—8
30]7.2X10—4 ! 1.810— | 4.3)X10—5 [1.00X10—5 [2.2X10—6 [4.9X10—7 |1.1X10—7 [2.4X10—8
3119.8X10— | 2.5X10—4 | 6.4X10—5 [1.6)X103 [3.6%10—6 [8.3%10—7 [1.95C10—7 |4.1)X10—S
3210.0013 13.5X10—% | 9.1 X105 [2.4X1075 |5.910—6 [1.4X10-6 |3 3X10—7 [{7.5X10-8
33100017 4.8X10—* | 1.3X10—4 {3.6)X10—% [0.4X10—8 {2.1X10—6 [5.5%10—7 [1.3)X10—
3410.0022 6.5%10—4 | 1.8)X10—4 [5.2)X10—® |1.4X10-5 [3.5X10—6 8.8X10—7 (2.3X10~
3510.0028 ' 8.7X10—4 | 2.5X10—4 |7.4X1075 |2.1X10—5 [5.6X10—6 |1.4%10—6 |3.8)10—7
36 10.0035 .0.0012 3.5X10—4 [1.0)X10—4 |3.1X10—5 |8.7)X10—6 (2.3%10-6 (6.1 10—7
37/0.0045 00015  |4.9X10—* [1.4X10-4 4.4510—5 |1.3%X10~5 [3.65¢10—6 |1.05X10—8
3810.0057 10.0019 6.5 10 ~4 [2.0X10—4 [6.2X10—5 |1.9X10—5 [5.6>10—6 {1.6>X10—*
3910.0071 0.0024 8.4X10—4 |2.8X 10— (8.8X10—5 |2.8XX10—5 [8.510—6 [2.6X10—
4010.0087 0.0031 0.0011 3.6X10—4 [1.2X10—% 14.1X10—5 [1.3)X10—5 [4.0)X10—6
Table II. Continued.

m X17 | X18 Xi9 X20 ’ X21 Xoo

28 | 5.010-10

29 | 1.4%10-9

30 | 3.6%<10-9 | 3.6%10—10

31 | 85X10—9 | 9.25¢10—10

32 | 1.6X10-8 | 2.2%X10-9

33 3.0X10—8 | 5.8X10—9 | 6.0X10—-10

34 | 5.4X10~-% | 1.2X10-% | 1.6X10-9

35 9.7X10—8 | 2.3310—8 | 4.5X10—9 | 4.7X10—10

36 1.7°<10—7 | 4.3X10—8 | 7.010-9 | 1.3)X10—9

37 2.7<X10—7 | 7.7X10-8 | 9.8X10—9 | 3.8X10-9 | 4.110—10

38 4.6X10-7 | 1.3X10—7 | 29X10—8 | 5.5X10—9 | 1.2)X10—9

39 7.4X10-7 1 2.3X10-7 | 5.7X10—8 | 1.2X10—8 | 2.6XX10—9 4,0X10—10

40 1.3X10-6 | 3.6X10-7 | 1.1)X10—7 | 2.5X10-8 | 5.5X10-9 8.710—10
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Table IIL

Revised Data for the Irregularity of Stellar Distribution in
the Paris Carte-du-Ciel Zone — 24°.

Values of P;, P, greater than 0.99999 are marked with an asterisk

Low dens’ivty branch

" High density branch

o .
< 909 reality limit 90Y% reality limit
S| P | W | G l L yom P, W, | Gy b Y
| m | Groups m | Groups
1 0 1.7] 1.6 .l 0.93 65| 6.0
2 0 0
3 10.59 8.8 1.000 |310. |2X10Y| 34 13
4 10.67 16. 0.95 4.6 | 14. I ...
500 0.64 15| 21
6 ! 0.89 44, 8. | ... cee 096 29, 5.2
7100 1.6 15]... 0 1.0 1.1
8 0.93 104 2.6 ... 0.92 12. 331 ...
9 0.975 8.8| 190. { 32 9 0.98 24. | 66. || 30 8
10 0 N N 0 150 ... ...
11 0.74 26. 2.2 0.92 11. 2.0
12 0 0.79 1.1 ] 50
13 [0.75 1.7| 28. 0.79 ...l 55
14 | 0.62 67| 25 0.78 80| 18
15 0 N 0 1.8 ..
16 | 0.50 44| 1.0 0.90 35| 7.3
17 110.83 2.4| 30. 0.93 38. 40
18 0 1.6 1.0] ... 0 1.0 ... ...
19 10.96 2.9 130. || 24 7 0.999 8.0 |770. | 30 9.6
20/ 0 N S . 0.64 14 35 ...
21 0.69 10. 38| ... 0.992 | 22. [150. || 36 10
22 10.999 | 170. | 900. | 20 7 0.999 | 11. [6X104 36 15
23 [ 0.96 1.2| 380. | 7 4 0.97 22. | 12. I ...
24 10.60 1.2 12. | ... .. 0.82 32| 301 ...
25 10.46 20, 35 0.97 6.0 | 40. ! 14 4;3
26 | 1.000% 6.0| 106 | 34 17 0.996 | ... |3000. | 21 8
27 |1.000 | 720. |9000. | 29 1 0.990 | 50. | 76. 4 3
28 0.71 48| 5.0/ ... 0.990 | 460. 8. | ...
29 || 1.000*%| 486. 108 | 30 8;7;6 |0.94 21. 38| ...
30 | 1.000 | 12. [1500. || 25 9 0.83 1.2 | 4.0
31 [ 1.000% 103%0| 10° || 28 18 1.000%| 106 | 1014 | 36 27
32 | 1.000*| 108 49| ... 0.994 | 86. 27 ...
33 [[1.000%| 1017 | 10° | 39 22 1.000% | 1010 |4X%104| 31 13
34 | 1.000% 10. | 10° | 40 23 0.98 47| 55| ..
35 | 1.000% 105 | 10° || 34 14 1.000% | 750. | 108 || 38 21
36 |1.000%| 10u2 | 1020 | 39 35 1.000*| 104 | 1600. | 9 5
37 | 1.000%3000. | 106 | 24 13 1.000 |500. | 100. | 37 10
38 |[1.000*| 108 |5000. || 33 12 1.000%| 1022 | 1014 | 35 24
39 10988 | 20. | 27.|... 0.998 | 33. | 33. | 11 4
40 || 1.000% 10| 108 || 33 18 1.000% | 10> |4)104| 38 14
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Table III. Continued.

; | Low density branch High density branch
St
S 909 reality limit 90% reality limit
S| | w6 AR W, | g |
m Groups m Groups

41 |0.61 3.3 3.3 ... 0.96 3.1 2.5 ...

42 |1.000% 102 1012130 [ 21 1.000% 1021 1010 37 22

43  ]0.98 64. 4.0/ ... 1.000%| 108 | 109 36 21

44 1.000% . 107! 105 37 8;8 1.000% 108 | 17.| 20 5; 4

45 |11.000 35. | 1000. || 30 10 1.000% 108 85| 21 | 3;3;3

46 1(0.999 52. | 360. || 26 8 1.000 12. 104 27 | 8;6; 5
I111.000% 107 | 105| 34 15 1.000% 107 109 29 18
111 111.000* | 2500. | 3000. || 25 9 1.000%| 105 | 3850. || 11 5
IV{[1.000%| 1018 107| 21 13 1.000%|  10%7  10%8| 22 19

47 T1|[1.000%| 1011 1019 32 20 1.000%|  80. 105] 34 14
1I 0 e ... ... 0.90 10. 1.5 ...
II1{1.000% 10| 108 | 40 19 1.000%| 101 101 37 25
IV }0.91 40. || 11 4 1.000 3.5| 360. | 12 5

48 1/1.000 1.1/ 3600. || 36 12 0.999 | 500. 8.0 18 4
II111.000% 720. 2104 17 8 1.000 1.6| 900. | 36 9; 7
I1110.994 8.8/ 97.| 39 8; 6 0.83 3.2 cen
v 0 13 ... -.. 0.87 5.9 1.5

49 1,1.000%| 3000. 105 || 35 15 0.96 3.1 3.4 ...
I10.94 90. 1.9] ... 1.000%] 33.| 10| 24 ! 6:5; 5
1111/0.999 8.3| 340. || 34 10 1.000 3.2| 1000. 9 5
1v|0.70 4.3 L5 ... 0.997 | 108. 10. || 21 534

50 1}0.99 26. 45. || 32 8 1.000 4.3| 500.| 36 11
I1]{1.000* 1.8/ 109 29 10; 9 0.96 2.6 3.6/ ...

111 111,000%| 3000. | 3104 19 9 1.000*%| 108 | 1051 35 15
IV 0.998 80. | 200.| 8 4 0.992 7.0 26 6 3

51 1{[1.000* 2104 108 40 21 0.997 24 53. 4 3
I1{1.000*| 2000. 107 || 21 13 0.997 53, 20. || 29 7
III |1.000%*| 1000. 108 | 33 16 0.999 | 120. 60. || 20 | 3; 3; 3;3
IV 1.000 58. 11000. || 22 8 0.94 1.7, 27.| 12 3; 3

52 1/0.984 10. 21 ... 1.000 3.2| 400. | 29 9
110.91 51 78 ... 1.000 1.0/ 3000. || 27 10
I1111{/0.97 1.5 190. || 28 8 0.94 1.7] 26.| 30 7
[V {1.000 7.4/ 2104 33 13 0.999 | 4000. 1.4 ...

53 1(0.96 12. 57| ... 1.000 49. | 380. | 24 8
11{/1.000 4.1 850. | 28 9 0.998 3.11 140. || 36 | 6; 6; 5;5
1111/0.93 39. 1.000 4.2| 700.| 23 6;5
IV |1.000 5.0, 770. | 32 10 0.997 9.8/ 75.| 34 9

54 1/0.98 24, | 15. ... ... 0.83 32| 1.5 .
11}0.61 2.1 3.0 ... 0.96 1.2| 41.| 31 6;5;5
11110.93 8.8 3.1 ... . 0.97 1.9] 70.| 35
IV |]1.000 43. |2X104 35 14 1.000*| 6000. |1200. || 33 11

55 |[1.000 | 800. 70. || 35 9 1.000 | 135. | 200. | 31 8; 6

56 ||1.000% 530. 105\ 87 | 9; 8; 7;|1.000% 108 34| ...

57 10.83 1.5 9.5l ... 0.98 15. 4.2
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Table III Continued.

_ Low density branch . High density branch
o |

S 0 s P 0 itv limi
5 P, w, | 6 909/, reality limit P, W, Gy 909 reality limit

m Groups _ m ] Groups
58| 1.000% | 105 10¢| 38 14 1.000%| 108 107 32 10; 7
591 0.31 2.9 1.0 ... 10.64 1.2 2.5 ... e
60| 0.90 12. 18. | ... 0.96 8.1 8.8 ...
i

61 0.83 3.6 19. || ... ce 0.998 2.2 11000. || 13 6
62 0.23 1.9 2.5 ... 0.49 3.5 1.0] ...
6310.998 | 26. [2000. || 25 9 0.998 3.1 11000. || 30 10
64 0 1.5 0.64 1.7 2.0/ ...
65 0.95 12. 68. || ... 0.95 6.0 11. || .

66 0.50 4.0 0.95 8.0 5.0 .

6710.75 24. 3.3 ... ... 0.79 14 4.6

681 0.60 2.8 5.6 0.69 5.2

691/ 0.88 44 1 30. 0.996 | ... |1000. | 26 8: 6
70 0 .. 0.69 6.7 1.9 .

71 0 { 0 1.1 U

72 0 9.5 0 5.2 1.7 .

731 0.94 1.9 | 700. || 17 6 0.20 1.6 2.4 .

74 0 1.7 R U 0.20 1.8 2.0 .

75 0 1.2 | 0.60 1.2 10.

|

76 0 R 0.20 1.2 2.51 .

77 0 1.1 3.5 . ol ...

78 0 ... - 0 ... ..

79 0 0.20 1.5 3.5

80 0 0 ...

81 0 3.3 0 2.2

82 0 ol ...

83 0 0l ...

84 0 0 e

85 0 0 2.7

86 0 4.0 5.6 ... 0 3.4 1.1

87 0 ve e 0.76 15. 17.

88 0 2.1 AU R 0.76 2.8 18.

89 0 1.5 1.7 ... 0.40 9.0 51 ...

90 0 ... . 0.20 . 35| ...

91 0 3.5 AU 0.80 | 260, ..

92 0 P 0.60 1.1 12. 1 ...
93 0| 12 3.5 . 0.98 7.6 [3000. || 20 | 4; 4; 4
94 0 2.4 1.6) . 0.80 55. || ...
95 0 1.7 oo . “10.20 1.6 3.1

96 0 1.5 0 e

97 0 4.0 0 1.8

98 0 0 )

99 0 4.0 0 1.2
100; 0 .. 0 1.2
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Table III. Continued.

- Low density branch High density branch

St

s 909, reality limit 909 reality limit

5 W : Py, | W >

© P1 1 Gy m | Groups 2 2 Gs m | Groups
101 0 4.0 R I ve 0.20 34 3.0]..
102 0 0
103 0 5.0 AU | I e 0.20 10. 3.3(...
104 0 2.1 1.6 |... 0.40 1.5 4.014...
105 0 .. P [ 0.76 1.2 21.
106 0 R 0 2.4
107 0 1.9 1.2 ... 0 2.1
108 0 60 | ... |.. 0 1.3
109 0 3.5 P 0 ces
110 0 4.0 4.0 l cen 0.80 | 20. 60
111 | 0 o 0 U
112 0 1.1 4.0 |... 0.86 3.1 | 140.
113 0 AU -0
114 0 ... 0.90 8.1 | 350. || 27 8
115 0 1.0 . 0.60 2.2 8.0]... .
116 || 0 P U 020 | 1.2 | 33]|..
117 | 0 2.1 | 35 |. 0.20 1.6 2.41...
118 0 2.5 U 0.40 12.5 5.0]...
119 0 0.98 1.1 {1200. | 26 9
120 0 1.6 0
121 0 4.0 een 0.20 1.0 2.2
122 10.59 10. - 0.69 4.1 -
123 [ 0.50 6.7 ... . 0.96 5.3 18. .
124 | 0.47 3.2 3.3 .. 0.95 12. 441... .es
125 |10.47 2.8 3.0 . 0.97 5.0 60. | 13 3; 3
126 | 0.88 3.2 | 48. e ... 0.92 3.8 14. |... e
127 | 1.000*{100. 105 34 8; 8 0.986 | 21. 70 39| 8;7;6
128 | 0.92 3.0 1100. 0.49 2.2
129 |0.23 1.7 3.5 ||... e 0.98 15. 55. | 21 6
130 | 0.98 4.2 ]280. 23 7 0.88 1.4 26. ||... -
131 | 1.000*| 95 | 108 22 12 0.93 6.7 6.8
132 {/0.23 1.7 33 ||... 0.69 5.9 ces
133 || 0.92 17. 27. 0.99 |160. 41. || 21 6
134 0 0.64 . 3.0|...
135 | 0.985 |210. 4.2 |... 1.000* 110. 5000. | 28 8;6
136 | 0.97 5.3 | 42. 29 7 1.000 | 15. |1000. || 18 7
137 || 1.000*| 93. 107 35 21 1.000 | 15. [5X104| 11 7
138 [0.992 | 3.5 |350. 37 11 1.000*| 108 | 200. 8 4
139 | 1.000*| 97. 106 | 40 15; 9 1093 | 21. L.7...
140 || 1.000*{ 106 | 10. |... 1.000*| 104 |4000. | 30 11
1411 1 0.95 1.4 | 97. | 34 9 0.97 2.8 6.2 .

11}1.000 | 14. 700 ‘I 28 9 0.98 16. 2.0 .
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Table III. Continued.

- Low deusity branch Nigh density branch
St T
3 ‘ 909 reality limit 909 reality limit
S| op, | w, | g [Prrealty P, | W, | G |olrealty
7 m | Groups m | Groups
141111 0.95 21, 3.3| 1.000%| 44| 105|13| 6:4
IV|1.000% 7.4/ 10331, 8;7 |0.999 6.1| 250. || 35 10
142 111.000%| 1018 107) 35! 12:;9 |1.000% 104 107| 29 15
143 1/1.000% 1.8 105 30| 9:;7 [0.998 3.5 200. ] 38| 7; 6; 6
111 1.000%| 1.6| 107 40 20 1.000 5.5 600. | 14 6
111 0.70 1.2 44 ... .. 1.000 5.5 260. | 26 8
Iv]o0.25 2.0 1.000 | 17.|2500. || 31 11
144 | 1.000% 1017]4000. | 15| 4;4 |1.000% 101 10w 28 21
145 | 1.000%| 1500. | 2000. || 33 11 1.000%| 108 | 700. | 31 8
146 1.000% 1078 10%| 37 | 18;9 |1.000% 1036 1020 37 32

B
147 |11.000% 1034| 109 39 23 1.000%| 1036/ 102 39 | 18; 17
:#l

148 11.000%| 104 2104/ 34 13 1.000%| 1087 10°| 37 21
149 . 1.000% 106| 108| 16| 5; 4; 4 |1.000% 109} 105/ 18 | 5;5
150 1.000% 105| 105 32 14 1.000 |2)104 120. | 32 | 6;6
151 [1.000 |2000. | 44. | 23 6 1.000%| 105 | 108 | 20 13
152 0.84 52/ 2.8 ...0 ... 0.98 22. 270 ... ...
153 1.000% 102 107 32 17 1.000¥| 1014|3104 33 13
154 11.000% 107 | 101 33 21 1.000¥| 105 | 101 36 | 14; 11
155 [ 1.000% 108 | 4000. | 38 13 1.000% 108| 21.| 36| 6;6
156 110.91 71 47 .. L. 1.000 1.1/2)104| 39 15

o0 L1 L9 ... ... 0.98 2.2 80 4 2

11,0994 | 11.| 83. (341 7;6 [1.000%5 23| 10| 37 22

IVI1.000 | 720.| 9.6/ .... ... 1.000%| 170, | 108 28 14
157 |11.000% 1500. | 1019 39 23 1.000%| 108 | 1500 | 12 6
158 10.999 | 1000. L7 L 0.98 9.8 2.4 ..
159 1.000% 16, | 105 24| 7;6 |1.000% 250. | 108 | 34 16
160 11.000 13000. | 12. ... ... 0.998 | 145. 8.3| 32 7

|
!

161 1087 =~ 86 ...|...| ... 0.97 21 55 ... ...
162 11.000 | 5.3/ 2X104| 30 12 ]0.987 58 80| 21 5
163 |11.000 | 25.|1000. | 34 11 1.000%| 2000. |5000. | 15 | 4; 4
164 0.93 100|220 ... ... 0.986 | 4000. 250 ... ...
165 | 0.67 17. 12l .. L 0.997 | 6000. | 80. | 31 8
166 0 | 0.999 7.0[2X 104 27 11
167 [ 1.000¢ 2104 105 35| 9;8 0991 | 75 | 90.| 27| 5; 5
168 11031 | 28 1.9 ... ... 0.992 | 30. | 200. | 39 11
169 0, 17 ...l .. (N I I Y
170 0.997 4.0/5X104| 31 13 1084 13| 14.
171 | 1.000 | 700. |1600. || 39 13 10997 | 17.| 300. || 25 8
1721096 | 160. | 17. ... ... 0.98 | 170. 8.1 ...| ...
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Table III. Continued.

- Low density branch High density branch

o hd

2 909 reality limit 909 reality limit

5 L W, G,

O P, W, Gy o ‘ Groups P, 2 2 i m Groups
173 | 060 | 1.3 | 11. | ... ... 099 | 2.1 | 830. 13 5
174 || 0.31 26 el onn e 0.998| 3.3 1000. || 18 8
175 || 0.60 1.7 80| ... 0.84 8.0/ ...
176 || 0.98 | 26. 200. 31 9 0;984 5.4 130. || 38 8; 7
177 || 0.31 2.2 0.49 3.4 14| ...
178 || 0.47 2.6 321 ... - 0.82 2.0 3.3 ... .
179 | 0.83 3.1 17. . ... 0.996 | 1.6 600. || 32 10
180 || 0.23 e 2.1 ... . 0.998 | 3.1 |4000. | 34 12

With the aid of table II, weights of geometrical configu-
rations were computed for all charts showing a positive excess
in the Paris zone. The definition of the “group weights” G, und
G, is identical, and their calculation very similar to the calcula-
tion of the weights W,, W, of positive excesses in observed fre-
quency tables. The positive excess in geometrical configurations
reveals itself in the appearance of groups of higher order in a
number greater than expected from table II, accompanied by a
deficiency of x,. Geometrical configurations were considered
separately for all density classes which showed a positive excess
of frequency, and for which m < 40. In this way, one and the
same branch, e. g. the low density branch, may yield several
values of m which are to be treated independently. The calcula-
tion of the effective number of independent experiments is some-
what more complicated than in the case of the distribution of
densities: generally formula (1) is valid for a given density group,

’ V4
nc

except that the ratios = are to be multiplied by n—°—n—,—° , When

c (¢

n” >>4; 1, denotes the cumulative sum for a given group of i
squares and given m; n”, — the cumulative sum for the group
of the same denomination i, and for m, << m, or for the next
preceding density group considered.

As an example, we take the low densily branch of Paris
Chart 168 considered before. Evidently, by force of the restric-
tions mentioned above, we have to consider geometrical configu-
rations in two cases: m; =15, r < 3; and m, = 31, r << 4. The
results are as follows:
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a) m; = 15; r < 3. b) my =31; r <4
Group > X Xa Xy > Xy X3 X Xy
Frequenc {obs. n, 1 2 8 1 3 3 12
Ueney \ comp. n,  0.29 1.6 10.9 076 14 40 153
n,o = S‘ 0 1 3 «oe 1 4 7
V,=Xn, 0.29 L9 ... 0.76 22 6.2
Excess, ny — 1/, -+ 0.71 +11 - 4024 +18 +08
¢ 1.5 1.6 e 1.9 2.6 4.0
'
x = 20 ; Ye 0.5 04 ... 01 07 02
Group-weight, G 4 3.9 e 2 6 2.5

Here G is the group weight, corresponding to W of table 8
of the first paper. We have Gna.x = 6. The effective number

of independent experiments is 1 (from x,, m,) ;—% (X5, my,) +
+ 2(2) X (69 19) (X9, m,) + 1 (from Xy, m;) = 8.2. The final
weight of the geometrical configurations in the low density

branch is thus G, = 6

55 = 1.9, in agreement with formula (2).

IV. The Irregularity of Stellar Distribution in the
Paris Zone + 24°.

Table III contains a summary of the revised data for the
Paris Zone. Supplementary data to this table are contained in
Table 11 of the first paper, and in the original counts by Miss
Lukk. The first column of the table gives the ordinal number of
the Paris chart. The next five columns refer to the ascending
branch, or the low density portion of the distribution of densi-
ties. The second column gives P,, the “probability of reality”
of irregularities on the low density branch; computed in a man-
ner explained below, this quantity represents a combined proba-
bility derived from both criteria, the distribution of densities and
geometrical configurations. Next follow W,, the weight of the
positive excess, and G,, the weight of the geometrical configura-
tion on the low density branch; weights smaller than 1 are not
printed ; also, G, was mostly not calculated when W, < 1. The
fifth and sixth columns refer to cases when vacancies, or adja-
cent groups of low density found on the charts showed a geo-
metrical probability of reality equal to, or greater than 0.90; this
probability of reality, depending directly repon G,, and denoted
by ¢, is computed according to a method explained below; m
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denotes the number of selected squares of low density; the figu-
res in the sixth column indicate the character of the unusual
adjacent groups found on the charts; e. g. chart 171 shows a
vacancy of thirteen adjacent squares of low density, chart 149
has one group of five, and two groups of four squares, etc. The
majority of these unusual groups may be considered as individu-
ally real, representing either real vacancies, or obscuring clouds
(maxima of absorption). The last five columns refer to analog-
ous data for the descending branch, or the high density portion
of the distribution: P,, the probability of reality of irregularities
on the high density branch, etc. Several rich MilkyWay maps
were divided into quadrants in the first paper; the data for the
quadrants are given in Table III separately.

Before discussing the data, we remind that the absolute
values of the weights W, and W,, for the same kind of irregu-
larity, depend considerably upon the total number of stars per
chart, the weights increasing with increasing number of stars;
because of the high spurious weights in the first paper, this cir-
cumstance offered a serious obstacle to the direct intercomparison
of regions differing in galactic latitude. In table III, the spurious.
weights must be small or negligible, as has been shown above,
and a direct intercomparison of different galactic zones seems
therefore permissible; that the effect of spurious weights has no
influence in the present case, follows from the fact that the
behaviour of the W in the different galactic zones is very well
checked by the behaviour of the G (compare Tables IV to X
below); now, these latter do not dépend upon the number of stars,
but only upon the number of squares which is constant all over
the zone.

Tables IV to IX contain a summary of the distribution of
the two characteristics of irregularity, W and G, in the Paris zone,
separately for different limits of galactic latitude. The theoretical
distribution of one kind of weight in the case of pure chance is
given by formula (4) as follows:

Table A.
Theoretical Frequency of Weights

Limitsof WorG <1 1—2 2—4 4—-8 8—16 16—32 32—64 64—128 > 128 Sum
Relative fre-
quency, f 0.368 0.239 0.173 0.102 0.057 0.030 0.015 0.008 0.008 1.000
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Table IV.
Distribution of W,, G, in the Paris Zone, Galactic Latitude

Charts Nr. 72 to 121 incl.

4 45° to - 87°.
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Table V.
Distribution of W,, G, in the Paris Zone, Galactic Latitude

- Charts Nr. 72 to 121 incl.

+ 459 to -+ 87°.
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Table VL

Distribution of W,, G, in the Paris Zone,

Galactic Latitude +23°

to +44°. Charts Nr. 1 to 29; 59 to 71; 122 to 184; 164 to 180 incl.
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Table VIL
Distribution of W,, G, in the Paris Zone, Galactic Latitude

Charts Nr. 1 to 29; 59 to 71; 122 to 134; 164

+ 230 to + 44°.

to 180 incl.
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Table VIIL
Distribution of W,, G, in the Paris Zone, Galactic Latitude

Charts Nr. 80 to 58, and 135 to 163 incl.

+0° to + 220,

1

Quadrants of charts 46 to 54, 141, 143 and 156 are counted separately
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Table IX.
Distribution of W,, G, in the Paris Zone, Galactic Latitude

Charts Nr. 30 to 58, and 185 to 163 incl.

Quadrants of charts 46 to 54, 141, 143 and 156 are counted separately

+0° to + 22°.

b

r=s) sl SI=232Z22233
Yu ‘v OO Hmo oS H
oS
sre < 83
QOrea v O rd rt O vt = w— = 40.0
[~ e
(Yo
216—9G% 82
cooco—~ococococl~Ssa
_ 8&
95678 ) cocomococo—~on|wSS
| OIW.
—_— v
A 8c1—¥9 CoCOoO—~—0O—~Co0om]less
;, [=X')
T $9—zce TS
[ COO0OCO = —OCrmm|larOO
Z 28
| .om 91 Omm—oOco—~0oocallnss
| + o
| 91—8 =S
A O~N—OOOD—0OCcm|oSS
‘ .o~
8—7¥ ©x
OHO == m—=oo—~nm|jo—-a
o
¥—¢ 2R
e OMN—=OCCOCNANN]t+tNND
M Tl | coomcnmmocm DB
[v o]
1> coocoooococococolowo
—
a0 © o o)
CNHNB =] S
o — O 8'36]25-.“ : N
S~ | vIII11i1T1 2Sl-ga
— 4862486\/ ———
A —_ 0O AN Au\,
| - O\ -



26 E. OPIK P, 271

Real irregularities in stellar distribution should reveal them-
selves through an excess in the frequency of large weights, and
a deficiency of small weights. From a comparison of the observed
and the theoretical distribution, it is possible to draw conclu-
sions referring to the frequency of real irregularities, and to the
probability of existence of real irregularities in an individual case ;
this probability we will call further “the probability of reality”.
Let p,, p, denote the probabilities of reality depending upon
W,, W,, and q;, q; — those depending upon G,, G,. Let us
further consider one kind of weights, e. g. W, ; let T be the total
number of charts, and let a number S among them be void of
real irregularities able to affect the weights W,. For a given
value of W, (or, rather, for given more or less narrow limits
of W,) let the observed number be n,; the probability of reality
is then given by

ng— S

phh=———-..... (6),

N,

where f is given by Table A; for S we must find some approxi-
mate value.

It is safe to underestimate the probability of reality; the-
refore, a maximum value of S in (6) will answer our purposes
the best. Such a maximum value we obtain by assuming that
all weights below 2 are purely accidental; Let the number of
weights below 2 be n,; according to Table A, n, should be
equal to (0.368 -+ 0.289) S, whence

Spay =165 0y ... (7),
observing that S < T.

This is a maximum value, because some of the weights
less than 2 may correspond to charts with real irregularities.

In the distribution tables IV to IX, the data connected with
formulae (7) and (6) are given. The probabilities p, q, are not
directly computed values, but are smoothed on the assumption
of a steady increase of p or q with the increase of the cor-
responding weight. For weights below 2, p and q are put
equal to zero as a consequence of our assumption connected
with formula (7). Although underestimated, the probabilities
p, q may be regarded as close to actual values, except perhaps
for galactic latitudes below 23° where it appears probable that
practically all charts show real irregularities. Nevertheless, also

in this case we thought it safer to assume minimum values of
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the probabilities; this procedure evidently means disregarding
some less pronounced irregularities, in other words, it is a
question of selection.

In table IV we may notice, that the distribution of W, is
very close to the theoretical, and G, shows rather a ‘negative
excess“, except for one outstanding value; the agreement with
theory, and still more so the tendency toward an excess in the
frequency of low weights, may serve as indication of the in-
significance of spurious, “observational’” weights in our present
method of computation. At the same time, we conclude that
real irregularities in the low density branch are very rare or
absent in these high galactic latitudes; this conclusion is equi-
valent to a negative evidence for the existence of any important
obscuring clouds in high galactic latitudes.

Table V shows, that in the same high galactic latitude
region irregularities affecting the high density branch are not
negligible; considering the negative evidence of table IV, we
know that these irregularities cannot be a secondary effect of
obscuration; it stands thus without doubt that real irregularity
in the distribution of stars in space, — “clustering” —, plays a
conspicuous role in the apparent arrangement of stars in high
galactic latitudes.

Taking into account that the weights W,, G, are independ-
ent of one another, we may calculate the combined probability
of existence of real factors influencing the distribution of low
densities on a chart as follows:

Pi=1—010—p)1—q)...(8).
In a similar way, for the high density branch we have
Po=1—(1—p,) (1—q) ... (8.

The probabilities P,, P, are given in table Il. We may
add that p, and p,, as well as q, and q, are not quite inde-
pendent of one another, and cannot be used therefore to calculate
combined probabilities.

Table X contains average values of the probabilities of
reality. These average values represent the fraction of charts
which contain real irregularities of distribution, of sufficient
strength to influence our criteria of irregularity. A com-
parison of the data for the separate galactic zones indicates
a steady increase of irregularity with decreasing galactic
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Table X.
Average Probabilities of Reality
Galactic Latitude
+00... 220 | +280... 4440 | +450...+ 870
Total number, T . . 94 72 50
Average p1 - - 0.78 0.37 0.00
, Q. 0.84 0.41 0.02
. P, . . 0.93 0.58 0.02
p: - . 0.86 0.51 0.02
0@ - - 0.89 0.67 0.26
P, . . 0.99 0.80 0.27

latitude, which apparently is an effect of perspective. A more
remarkable feature is the persistent prevalence of Dy, Qs Po,
over p,, q;, P;, in all galactic zones; this circumstance may
be regarded as an indication of a greater importance of
“clustering”, compared with “obscuration”, in determining the
characteristics of irregularity of stellar distribution.

Tartu, December 391933,
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