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thus if several equations of the form (b) relating to the same
Am are available, the mean value of ¢ is given by

W _10003n (0. -

gldm) =<3 = "<y

the different equations (b) are afforded by the different classes
of apparent magnitude; in fact tables 20 or 21 will always give
three or less such equations for each Am.

2) Distribution of distances.

No essential difference in deriving this distribution and the
distribution of relative magnitudes exists; thus we have

1000 n z F,

/lp(d)z————No ...(b);
_ N ’
W—E.Fl"'(a) and
—— 1000 2'n

P ( )=-W---(C');

since the distribution of absolute distances must be determined,
the apparent distances which correspond to the same v (d)
and which are to be joined together in equation (¢’) are in the
ratio as

1:2:4 for the limits of apparent magnitude
>5.5; 4.0—5.4; <3.9 respectively.

The value of 4 (d) so obtained gives the number of com-
panions having Am from 0.0 to 6.9 magn., per 1000 stars of the
given spectral class.

The ratio of the successive limits of distance was adopted
equal to 1:2; an exception present the distances below 0.”5
- where the subdivision in the tables 20—28 is more detailed; in

deriving v (d), the stars within these limits of distance were
distributed as follows:

limits 0.”710...0.”19 counted all with 0.”12...0.724;
, 0.20...0.729 » 40°, with 0.”12...0.724 and 60°/, with
0.725...0.749 ;
limits 0.”80...0.749 counted all with 0.”725...0.749.
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Corresponding mean values of W for these limits of distance
were also adopted.

Table 25.

¢(4m) = number of companions per 1000 stars of the H. R.

Frequency-Function of Am for Close Companions.

Am 105 | 1.5|2.53.5 4.5 5.5 6.5 7.5 8.5 9.5 10.5 11.5
1) Dwarfs Gy—K;; limits of distance: from 1.7 to 220 astron. units
n 7] 2] 6|1 2 3 3 3 0 0 0 - —
W 110|112 |96 (111] 65 24 20 10 2 1 0.5 —
e(dm) | 64 | 18 |62]| 9 | 31 125 150 300 | (<<500) |(<1000)f ... —
2) Dwarfs F,—G,; limits of distance: from 3.5 to 220 astron. units
Sn |19 4 |1 |7 6 3 1 2 0 1 0 0
W 220|165 (151|103 46 22 17 5 1 0.1 0.1 0.1
gtAm) | 86 | 24 | 7 |68 130 | 136 60 400 |(<<1000)|(10 000) I(<<10000)|(<<10000)-
3) Dwarfs A;—Fj; limits of distance: from 7 to 220 astron. units
>n |49 1221417 7 | 6 5 3 1 0 0 1
SW | 741 691 |575/472| 361 81 96 24 21 3 3 3
p(4m) | 66 ’ 32 12436 19 4 52 125 48 | (<300) | (<300) | (330)
4) Dwarfs Bg—A,; limits of distance: from 14 to 220 astron. units
Sn | 71|31 |13]|14| 10 5 1 0- 1 1 1 0
W |1540(1151(753|644| 372 98 45 27 12.5 6.5 2.1 1.3
¢(dm) | 46 | 27 |17|19| 27 49 22 0 80 (150) (500) | (<<800)
5) Dwarfs By—B;; limits of distance: from 35 to 280 astron. units
n 4 | 5|24 2 0 0 1 0 —
SW | 448 | 458 |282(127| 56 25 13 1 1 — — —
p(Adm)| 9 | 11 | 7 |81| 36 |(<40)|(<80)| (250) |(<1000)] — —
6) Giants F—G,; limits of distance: from 35 to 280 astron. units
n 4 15|01 0 0 1 0 1 — —
SW |164 14492 57| 35 10 7 3 0.8 — — —
g(Am)| 24 | 34 | 0 |18 [(<<30)|(<100)| (140) |(<"300)| (1200) — —
7) Giants G;—K,; limits of distance: from 18 to 280 astron. units
>n 8 | 7 [12|10] 7 9 3 4 0 0 0 0
W |1329(1035/684/511| 361 85 18 29 9 3 2 1
golam)| 6 | 7 |[18{20] 19 106 167 138 | (<110)| (<<300) | (<<500) | (<L1000y
8) Giants K;—Mpb ; limits of distance: from 19 to 310 astron. units
n o1 |1]3 3 1 0 0 0 0 0 0
SW |282|274(200/128] 91 37 11 8 3 1 1 1
p(dam)| 0. | 4 | 5 |23] 33 27 [(<110)|(<<120)] (<300) [(<<1000)| (<1000) | (<1000)

Tables 25, 26 and 27 represent the frequency - functions,
derived according to the method described above from the data
of tables 20, 21 and 22; it may be noted that the @(4m) for
different spectral types in tables 25 and 26 are not directly
comparable on account of the different limits of distance to



which the- data are reduced ;

tudes.
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Table 26. Frequency-Function of Am for Distant Companions.
¢(A4m) = number of companions per 1000 stars of the H. R.

Am 0515|2535 45|55 65 | 75 85 | 95 | 105 | 115

1) Dwarfs Gy—Kj; limits of distance: from 220 to 880 astron. units
n 1 2 2 1 0 3 0 0 — — — —
W 1299|299 | 123 59 | 40 | 58 7 3 — — — -
o(dm) | 3 7] 16| 17| 0 | 52 |(<140)|(<3800)| — | - — —
2) Dwarfs F,—Gy; limits of distance: from 220 to 1760 astron. units
n 5 3 3 0 2 | 0 0 0 0 0 0
W | 267| 267 | 267 | 140 | 186 | 141| 39 13 1 1 1 1
o(dm) | 19| 11| 11| 0 | 11| 7 0 | (<80) |(<<1000)|(<1000)|(<1000)|( <<1000)
3) Dwarfs A;—Fj; limits of distance: from 220 to 3500 astron. units
>n 20| 12 ] 17| 20| 14| 7 7 2 0 0 0 0
W 1973|973 | 794 | 678 | 524 | 630 | 151 76 9 7 7 5
glam) | 21| 12| 21| 29 | 27 | 11 46 26 | (<110) | (<140) | (<140) | (<<200)
4) Dwarfs Bg—A,; limits of distance: from 220 to 7000 astron. units
>n 48 | 35 | 41| 45| 39| 34 15 7 4 1 0 1
W | 2238] 2028| 2092| 1551| 1493 932 | 474 217 37 17 11 3
o(dm) |21.4]17.2|19.6|29.0 | 26.2| 36.| 32. 32. 110. 60. (0.) | (330.)
5) Dwarfs By—B;,; limits of distance: from 280 to 18000 astron. units
n 10| 13| 13| 16| 18| 14 9 7 1 0 0 0
W | 618| 618 | 490 | 449 | 350 | 311 | 117 87 8 8 5 3
g(dm) | 16 | 21 | 27 | 86 | 50 | 45 ek 80 (125) | (<<125) | (<<200) | (<<300)
6) Giants F—Gyg; limits of distance: from 280 to 18 000 astron. units
3n 2 7 3 2 6 2: 2 5 1 0 1 0
SW | 173| 173| 169 | 164| 98 | 67 29 20 3 1 0.4 0.6
g(Adm) | 12 | 40 | 18 | 12 | 61 | 30 | 69 250 | (330) |(<<1000)| (2500) |(<<1700)
7) Giants Gs—K,; limits of distance: from 280 to 9000 astron. units
n 3 | 14] 16| 28| 34 | 24 13 . 7 2 2 0 1
W | 2376|2196] 1985| 1406| 1486| 976 | 411 147 23 18 9 3
g(dm) | 1.3| 6.4 | 8.1 {20.0|23.0| 25. | 32. 48. | 8% (110) | (<110) | (330)
8) Giants Ky;—Mpy; limits of distance: from 310 to 10000 astron. units
n 0 3 1 9 4 7 6 2 0 0 1 2
SW | 944 | 558 | 944 | 516 340 | 225 133 69 9 5 4 1.2
gl dm) 0 5 1| 17] 12| 31 45 29 | (<110) | (<200) | (250) | (1700)
9) Supergiants 40 stars; limits of distance: from 90 to 46 000 astron. units
2n 1 7 7 2 8 8 - 5 | 7 r 5. 0 - 1 1
SW | 110| 116| 74 | 82 | 66 | 48 30 i 26 8 4 3 1.4
g(dm) | 9 | 60 | 95 | 24 | 121| 167| 167 ] 270 | 625 |(<250)| (330) | (700)

on the contrary, the absolute values
of y(D) intable 27 may be directly compared. since they are
all reduced to the same interval of Am, from 0.0 to 6.9 magni-
The meaning of the data contained in the- tables may be
illustrated by some examples. |
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a) From table 25 we learn that among 1000 dwarf stars
of class A,—F,; chosen at random in the Harvard Revised
Photometry ) 86 are likely to have companions within the
limits of Am =38.0—38.9 and within the limits of the projected
distance D = 7—220 astronomical units; the observed number
is 17, the effective number of stars completely examined within
the limits of Am and D mentioned above is 472.

b) Table 27 teaches us that among 1000 giants of class
Gs—K, chosen as explained above there are probably 19 which
bave a companion at a projected distance from 560 to 1120
astronomical units and differing from the primary by less than
7.0 magnitudes.

Tables 25—27, however, cannot be regarded as represent-
ing the final form of our frequency - functions; these tables
relate to an aggregate of stars chosen on the celestial sphere
according to the combined apparent magnitude, whereas the
true frequency-functions must relate to stars chosen at random
in space. Were the combined absolute magnitude of a pair
on the average equal to the absolute magnitude of a single
star of the same spectral type as the primary of the pair, both
methods of selection would give the same result; but such
a presumption appears highly improbable. Much more probable
seems to be the assumption that a primary of a binary system
and a single star of the same spectral type are on the average
of equal luminosity; this assumption appears to be supported
by certain considerations of the physical properties of the stars,
although direct evidence is scarce. On our assumption the com-
bined luminosity of a double star must be on the average greater
than the luminosity of a single star of the same spectral type;
in a list of stars selected by their combined apparent magnitude the
binaries will thus be counted within a greater volume of space than
the single stars and will appear more numerous than they actually
are; the excess of binaries in such a list will be the greater the
smaller the difference of magnitude is; the values of @(4dm) must
thus be influenced by the said selection in a degree depending
on the difference Am itself.

It is interesting that the sort of selection here described

1) The number 1000 is conventional; of course the H. R. may contain
a smaller number of stars of the given spectral type.
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seems, at least partly, to account for the greater galactic conden-
sation of double stars as compared with the stars as a whole —
a phenomenon discovered by R. G. Aitken and by R. Jonkheere
independently ; it is a well known fact that the galactic pheno-
menon is chiefly a function of the distance of the objects, the
condensation increasing with the distance; the binaries of small
Am, being more distant, will thus show a greater galactic con-
densation than stars of the same apparent magnitude on the
average; on the other hand, among faint and close double stars
values of Am <C 1.0 are the most frequent.

Thus we are led to the conclusion that our numbers of
double stars for different Am refer to different volumes of space;
the reduction to equal volumes of space may be made by changing
the limiting magnitude and the corresponding total number of
stars, Ny; the effective limit of the combined magnitude m. of
stars in the H. R. is 6.55; the limit of m,4 for double stars
having a certain 4m is

6.55 - (ma—m,),
ms—m, depending on 4Am; if the average value of ms—m. for
all stars in the H. R. is 4, and N(m) denotes the number of
stars (of a given spectral type) from the brightest to the apparent
magnitude m, the factor / by which the @(4m) of tables 25 and
26 must be multiplied will be given by
. N(6.551-4)
= N (6.55+ms—m,)’
owing to the logarithmic character of the function N(m) this
formula may by substituted by the following:

. N(6.55)
f='N(6.55—}—mA_—mc—A) e @)

In this way the values of 7 given in table 28 were com-
puted ; the logarithmic increase of the stellar number N(m) near
m = 6.5 for separate spectra was derived from the data of
Harvard Circular 226, table 1, except the G and K dwarfs, for
which simply a uniform distribution in space was adopted.
From the preliminary frequency - function of Am the value of

A _;_;'Z(mA—mc) @(4m)

1000
~-0.05 for dwarfs B;—K, and
0.00 ,, ” B,—B,;, the giants and the supergiants.

was found approximately as
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Table 28.

Factors of reduction of @(4Am) to equal volumes of space.

Am 0.0—0.9 | 1.0—1.9 | 2.0—2.9 | 3.0—3.9 | 4.0—4.9 >50

MA—Mc -+ 055 |- 0.25 0.10 0.04 0.02 0.00
Sp. f

Dwarfs B 0.73 086 | 0.94 0.98 | 0.99 1.00

” A 0.585 0.807 0.948 1.01 1.03 1.05

" F 0.550 0.787 0.942 1.01 1.04 1.06

- V0500 | 0759 | 0933 | 101 1.04 1.07

Giants G 0.60 0.79 0.90 0.96 0.98 1.00

. K 0.53 0.76 0.89 0.95 0.98 1.00

» M 0.58 0.78 0.90 0.96 0.¢8 1.00

S“Pe_rl_gloants (086) | (0.93) | (0.97) | (0.99) | (1.00) | (1.00)

By these factors the @(4m) of tables 25 and 26 were multi-

plied; the (D) of table 27 need also a correction in the form
of a constant factor equal to
f __2f.9(4m)
17 Sp(dm) ’
Am=0.0 to Am=6.9; the factor f, was separately computed
for the close and distant companions and was found as follows:

the sum being taken from

Table 29.

Factors of reduction of y(D) to equal volumes of space.
Spect Dwarfs Giants é‘}é)gé's' )

rum . 1
pectrim | ' x | ¢ | F | 4| B | 6 | K | m | 5%

fi .

Close 0.95 !0.94 0.90 | 0.90 | 095 || 0.92 | 0.98 | 0.97 }099
Distant | 1.00 | 0.78 | 0.95 | 0.96 | 0.96 | 0.94 | 0.97 | 0.98 :

Table 30 gives the final result for the distribution of dis-
tances; the figures of this table were obtained by multiplying
the (D) of table 27 by the factors given in table 29. - Tables
31 and 32 contain the final result for the distribution of Am;
after multiplying the values of tables 25 and 26 by the factor
f (table 28) a reduction to uniform intervals of the projected distance
was also made; the data for this reduction were based on table
30 and the method of reduction will be explained in the follow-
ing section.

9
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The limits of the projected distance for the B-dwarfs, the
giants and supergiants did not exactly correspond with the limits
given at the head of table 80; nevertheless. the data for these
stars ‘were placed under the nearest corresponding limits of the
table, the change needed in the adopted limits of distance being
indicated in the remarks.

Table 80.
Y(D) = Frequency-Function of Distances, Final Result.

Number of companions with Am <6.9 per 1000 stars of each class of
spectrum chosen at random n space.
The observed number is given in parentheses.

Projected - o oo S _E; §>g
Dt .« @ w2 2 92 83 S § S Sgc8iiTE
S TR M NG N M N A A O A A AR B E- b
...| 83| 76| 93|68 |45 43| 31|150 —| —| — | —|—|—| —
pvars & 10| e | @ | 6| e|w|®| e e — —| == - —|e*7
104| 88 (115 | 44 |36 24| 18| 22| 14|...| — | — |——| = = |~
Dwarts @ 1 3)| )| ®) |6 [®]|®)]®)|©)]|6) 0| —| —|—|—=|—| @6 |8
Dwars 77 | 18| 68 | 30 |52 104 42| 36| 28| 57| 44| 27| — | —| —|—| — | .~
warls (0.5)((10.0)|(11.5)| (25)|(43)|(32)[(28)|(22) [(29)|(15)| (3) | — | —| —| — [[(219) =
Dwarfs A — | 58| 57 |45 | 54| 36| 30| 31| 36 40| 41 43i:_—_38
warls — |(3:5) |(19.5)) (29)|(54)|(45)](56)|(56)|(59),(57)|(25)[(11)| —| —| — ||(415)[ =
— | = | 29|27 382136 16| 21| 45| 59 88|30/ —| —| —
Dwarfs BY) | _ | _ | (1) [(25)[5.5) (8)[(13)|(11)/(16)|(20) (26)|(12)|(1)| —| — l(116) 58
) | — | — | 230 | 84 | 30 193] 22| 23| 28| 8 | 54| 56 (... — —| — |
Glants o [— | — | @ | M|a | @|®|6)| 6| @] 6|6 [0 = —| 68
) — .. | 114 |56 | 53| 58| 31| 18| 14| 32| 21| 64 |—| —| = | —
Glants K5 | _ | 0| ) | ™ 21)@0)39)((30)|(19)|29)|(12)| ®) | —| —| — |(197) 2
: | ... 51| 0|12 24 33| 18| 21| 6 | 18193 —| —|—=| = |
Glants M5 1 — 1 @ 0 | © || @10 ®]® | @) 10)]6) —| — —| @0 ~*
Supergiants4)] — | — | — | — [...|124] 80| 70| 87 | 40| 96 | 92| 65| 28/400]| — —g
Fostars | —| —| — | —|©|@]|3)| ®]|®| @ |ao)an|®|n)] @)@

Total | (1162)

1) With the absolute magnitude here adopted the limits of projected
distance should be muliiplied by 1.25. ’

2) From the distribution of distances an absolute magnitude of the
G-giants equal to the abs. magn. of the A-dwarfs seems more probable; in
this case the limits of the distance should be divided by 2.

3) With the absolute magnitude here adopted the limits of distance
should be multiplied by 1.44 ' '

4) The limits of distance of this table would correspond to an absolute
magnitude — — 8.4.
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Table 31.
¢(Am) = Frequency-Function of Am for Close Companions, Final Result.

Number of companions within the limits of projected distance from
3.5 to 220 astronomical units per 1000 stars of each class of speectrum chosen
at random n space.

For the B-dwarfs and the giants the limits of projected distance must
be changed in the same proportion as indicated in the remarks to table 30.

The observed number is given in parentheses. :
The limits of 4m are for brevity denoted : 0.0—0.9 by 0.5; 1.0—1.9 by 1.5 etc.

. ’ Total
Am 051525 (35|45 (55|65 |75|85 1|95 105|115 observed

Dwarfs K 23 | 10 | 41 6 23 | 96 | 110| 230 | —
, M @G| M]3 (BB —
Dwarfs G 29 | 12| 5 | 46| 90 | 97 | 43 | 290 O -

AN @ | )| D] 6 |G| M| @] O | 0 @
Dwarfs F 47 | 33 | 30 | 47 | 26 | 103| 72 | 175| 67

— — | e

6700

(1)

0 —
49 22 (9| an| O | ® | G |3 | O] © | © | 0| a2)

270

)

o

45 | 37| 27 | 32| 47 | 8 | 38 0 | 140

Dwarts 4| 72yy | 31y| a3)| 18)| 20)| 3) | Q) | ©) | (1)

(1) | ) | (148)

Dwarfs B 20 | 26 | 20| 87 | 104 O 0O [ 700 ©

@ Gl @ e O] o] Q] o — | = (18)

Giants G 29 7 0 36 0 0 | 290 O |2500 — | — _

e FCIRORRORROIRORRORROARORE) | Z|| a2
Giants K 3| 5 | 16| 19 | 19 | 105| 165| 137| 0 )

| | (@210, (M| O G| &) | ©
O| 5| 8| 37| 54|46 0| O 0| 0] O —
OITOMIMIAGIEIMIOIOIO0IO][O00] (9

Total | 443

(60)

~~~
(=]
(e
—_
=]
~

Giants M

7. Discussion of Results.

a) Distribution of distances. In examining the figures of-
table 80 it will be noted that the variation of the frequency
of companions with the distance is generally very slow; for
the best respresented class — the A-dwarfs — the ratio of
maximum (57) to minimum (30) frequency is less than 2, whereas
the extreme distances are in a ratio as 1000 to 1; for the other
classes of spectrum the variation of the frequency with distance
is generally greater, although many extreme values of the fre-
quency are apparently due to accidental errors produced by the
scarcity of the observational data. The limits of distance here
adopted form a geometrical progression, they are actually loga-

| o%
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Table 382.

@(4m) = Frequency-Function of Am for Distant Companions,
Final Result.

Number of companions within the limits of projected distance from 220
to 28 000 astronomical units per 1000 stars of each class of spectrum chosen
at random i space. _

For the B-dwarfs and the giants the limits of projected distance must
be changed in the same proportion as indicated in the remarks to table 30.

The observed number is given in parentheses.

The limits of 4m are for brevity denoted: 0.0—0.9 by 0.5; 1.0—1.9 by 1.5 etc.

dm 05|15(25(85/45(55| 65 |7.5(85|9.5|105 115 Lol |
. 4 | 12|37 42| 0 {140 O 0| —| —| — | — —
Dwarfs K& 1)@ |@ W@ @] © ||| Z| 21 =
541 431 54! 0]59!38| 0 | O —| —| — I — —
Dwarfs G 1 (5)! 3)] 3) (0)1(2) MW © ©]— — | =
Dwarfs K+G | 17| 21| 45| 20| 40| 85 [(<100)|...| — | —| — | — | —
joined  |(6)| ) [®) )| @| @] © |[@] —|—| —| —| @3
201 16| 35| 50! 48| 20 85 48| O 0 0 0 —
Dwarts F' o)1)/ a7)|20)lan| @ | @) (@] ©|©] ©) | ©| (99

Dwarfs 4 17.2119.0/125.5|40.1| 87 | 52 47 47 1158 | 86 0 | 480 -
(48)/(35)((41)((45)((39)((34)| (15) (M| @ | ()| O | (V)| (270)

DwarfsB 91| 14| 19| 26| 38| 34 58 60| 95| O 0 0 —
(10)((13)[(13)((16)|(18)|[(14)| (9) [(D| (V)| ()| (©) | (0| (101)

Giants G 10| 46| 23| 17| 87| 44| 100 |360/480| O {3600 O —_
@ MA@ G| @ @ [G|@ O Q] O] @

Giants K 21 11| 17| 48| 52| 57 73 (109 (198 250/ O 760 —
(3) I(14)/(16)((28)|(34)|(24)| (13) | (M| @ || (0) | (1) | (149

. 0] 4 1| 17| 13| 33 48 311 O 0| 270 (1800 —
Gants X 1)@ | )| @@ @ ® @ OO 0| @] 65
Supergiants 5 37| 61| 16| 80(110| 110 |180 |410, O | 220 | 460 —
+ O-Stars |() [ (D[(MI@IB B G OO O O] 62
Total | 755

rithmic limits; hence the approximate constancy of the frequency
revealed by table 30 leads to the following formula for the total
number of companions between certain limits of distance, D, and D,:

N(Dy, D;) = F (D,, D,) (log D, —log Dy) . .. (a),

where the function ¥ (D,, D,) changes but slowly, remaining of the
same order of magnitude within the entire range of D covered
by the observations; as a rough approximation we may put
F(D,, D,) =const.; formula (a) becomes then

N (D1, Dy) = C(log D, — log Dy)... (a');
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it the difference D,— D, = AD is small, the number within the
- limits of projected distance D and D+ AD will be given by

CAD

D . (b);

on the other hand, the projected area of a ring limited by the
radii D and D-+A4D will be
' 20 D AD ... (c);

dividing (b) by (¢) we obtain the density of companions per unit
of the projected area as

Cl
Q(.D) == ﬁ cee (d).

This is a rough approximation; in the actual case C! must
be regarded as variable and may be assumed proportional to
(D) of table (30); hence

o(D)= Tl’gg) X const. . .. (d!).

As a first approximation the projected density of the com-
panions may be assumed to vary as the <nverse square of the
projected distance; how mnearly this is generally fulfilled may be
judged from the following data for the F-dwarfs:

proj. distance= 10 20 40 80 160 320 640 1280 2560 a.u.
} computed IDLS 1 0.25 0.06 0.016 0.004 0.0010 0.00025 0.00006 0.000016

lobserved 1 0.15 0.05 0.027 0.003 0.0006 0.00011 0.00004 0.000011

the agreement with the inverse-square law appears from these
data to be excellent, as for ¢ varying within the ratio 60 000:
1 the density computed according to this law diverges from the
observed density less than in the ratio 2:1.

According to a well known theorem frequently applied by
different authors to the study of stellar distribution in globular
clusters, the spacial density O(r) in a system with spherical sym-
metry may be determined from the projected density o(D) with
the aid of the following equation:

__ L (T __dx  (/r+ad)
o) = ”fo Vrita: Vet ©
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For o(D) = 1—1)5, d(») becomes %3; thus the spacial dénsity

of companions of double stars must vary roughly as the inverse
of the cube of distance. Such a distribution would lead to an
infinite total number of companions; but it must be pointed
out that there exists without doubt an upper limit of distance
‘where external forces put a boundary to the sphere of action of
a single star; this maximum distance may be estimated at about
1 parsec =200 000 astron. units; it may be expected that, as this
boundary is approached, (D) will rapidly diminish; in the
present investigation this limit is not reached by far; an inferior
limit of the possible distance exists also — this is the average
diameter of a star. Within these two extreme limits of distance
the number of companions will be quite finite with a law of
density like %

The deviations of the projected density, ¢, from the inverse-
square law, although small, seem to be real as almost all classes
of spectrum show the same character of the deviation — a mi-
nimum density between D =—400—2000 astron. units and an
increase both on the side of small and great distances. To make
the comparison more easy the data of table 30 are plotted on
fig. 4; as abscissae are chosen the log D, in accordance with
the construction of table 30.

A comparison of the curves of fig. 4 leads to the conclusion
that they are all much alike; although certain peculiarities of
distribution for the individual spectra may be real, e. g. the
pronounced maximum for the F-dwarfs between D =55 and 110
a. w, — other deviations may be of an accidental character, due
to the small number of companions observed; in their general
features the curves may be assumed to represent parts of a
curve common to all spectra; on this assumption the mean
distribution of distances, (D), given in table 33 was computed ;
this mean distribution comprises all spectra except the super-
giants and 0-stars; using the data of table 80 the computation
was made according to formula (c!') of section 6; the effective
1000 n
number W was put equal to (D)’
table 30. For the sake of simplicity the limits of distance for
the B-stars and the K- and M-giants were assumed unchanged

n and (D) being given by
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- Fig. 4. .
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as they are given at the head of table 80; as to the G-giants,
their absolute magnitude as assumed above seems to be over-
estimated; by reducing the distance limits of this class in the
ratio 1:2 a better agreement with other curves on fig. 4 may
be obtained; this would correspond to a mean absolute magnitude
of the G-giants—=—3.8, and on this assumption they were
included in the derivation of the mean frequency-function of
distances. By the way, the G-giants are not numerous and
have, therefore, very little influence on the result.

Table 33.

Mean Frequency-Function of Distances. All Spectra except
Supergiants and O-Stars.

For explanation consult table 30.

Projected Distance (astron. units)

o o o 3 8
0 -+ o o S 8 % 8 2 3 8 2 RBTotal
fy TR B Z§ 378 SIS
w. D) 43 68 '59 474 | 61.3 |36.5|30.8(23.5|25.1|34.9 37.6} 61.|29.| 557.
n obs. (3.5)(24.5)‘(51)(77.5)(148.5)(135)(161 (138)|(139)[(128)|(72)|(34) (1) | (1113)

The values of (D) of table 33 are plotted at the bottom of
fig. 4; this curve representing the mean distribution of distances
turns out to be very smooth but for the secondary maximum
between D =55 and 110 a. w.; the first and last values of table
33 are of low weight, being based on too small a number observed;
therefore the corresponding points were not taken into account
in drawing the curve; much weight cannot be laid on the appa-
rent decrease at the ends of the curve indicated by these points.

A source of systematic error which might have influenced
the frequency-function of distances may be mentioned here: the
non-simultaneousness of the measures of distance for the stars
in table 1; the distance adopted there refers to the time of disco-
very; it is natural to expect that very close pairs are more fre-
quently detected when their separation is greater than the average
separation; during a century of double-star observations the
chances of discovering a rapidly moving pair are greater than
the chances for a fixed pair of the same average angular sepa-
ration, since the former may be caught at the moment of greatest
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elongation even if at an average distance it is invisible; the
effect of this systematic error will reveal itself in an apparent
~increase of the number of companions as both the absolute and
angular separation diminish; for two groups of stars having the
same angular separation the effect will be greater for the nearer
i. e. the more rapidly moving binaries; for two groups having
the same absolute separation the effect will be more pronounced
for the distant i. e. the more difficult pairs; within the same
limits of D we thus should expect relatively greater values of
(D) for the more luminous stars than for the absolutely faint
ones; an inspection of fig. 4 shows an effect more in the opposite
direction. We may conclude therefore that if such an effect
exists, its influence on our statistical material must be small i. e.
our coefficients of perception have already made account of it; the
increase of (D) as D diminishes must also be regarded as real.

The distribution of distances may throw some light on the -
question of evolution of stellar masses. The problem may be
formulated as follows: if stars of different spectral types form
a continuous chain of evolution, i. e. if we assume that, say, an
average G-dwarf has evolved from an average A-star, an assumption
of a change, e. g. of a decrease of the mass, with the increasing
age becomes necessary; for it seems to be a well established
fact that the average masses of stars of different spectral classes
differ considerably; in a system with a secular change in the
mass the dimensions of the orbit must change inversely to the
mass, the eccentricity remaining invariable!); we have therefore

1
D — . ... O,
G\DM 1)

D being the average distance and u — the mass; the curves
(D), representing the distribution of distances, will thus be

shifted along the x-axis (x = logD) by the amount log‘lﬂ’, the

shape of the curves remaining unchanged. In the order of decreas-
ing masses the spectral classes may be arranged in the following
sequence: B; A; giants (?); F; G; K. In passing the curves
on fig. 4 in the same order we should expect a progressive dis-
placement of their characteristic maxima and minima from left
to right, in the direction of increasing D; a relative displace-

1) H. Poincaré, Legons sur les Hypothéses Cosmogoniques pp. 79—80.
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ment of the curves may indeed be perceived, but in the opposite
direction. - Copies of the individual curves made on transparent
paper were superposed on the mean curve and displaced until
the agreement of the general features of both curves seemed
the best; on account of peculiarities of the distribution for the
individual spectra an exact agreement could never be attained,
especially in what concerns the absolute frequency; in the com-
parison attention was paid only to the relative rise and fall of
both curves. The result of the comparison is given in table 34.

Table 384.
, Displace- Rati ] Thle%r ett_i- 3
atio 1y | cal Ratio "
Spectrum ' mlent;) D: D, Mass?l) | 5% D, — 0.9 6 |09/ “
in log ‘ | =b54:u 6
Dwarfs £ | —033 | 05 0.7 8. 0.3 0.4
s @G —0.60 0.25 1.0 5. 0.4 0.5
. F —0.09 0.8 2.5 2.2 0.6 0.7
., A —0.06 0.9 6. 0.9 0.9 0.9
., B 4003 | 1.1 - 9. 0.6 1.1 1.0
Giants G —+0.39 2.5 . e e ces
. K -+0.21 1.6
. M +0.60 40

In this table the 3¢ column gives the ratio D:D, or the
proportion in which the distances of the mean curve, D,, must
be changed to make this curve as similar as possible to the
curve for the given class of spectrum. The theoretical ratio in
the 5% column was computed according to (f), the constant
being chosen so as to make the observed and theoretical values
agree for the A-dwarfs. A glance at the figures in the 3¢ and
5% columns of table 84 gives a decisive answer to the question
put above: it appears almost certain that during a period of
time comparable with the age of the companions of double stars
no evolution in the sense suggested above could take place; the
idea of a continuous series of evolution in the order B-A-F-G-K
or in any other order, where it is supposed that a given spectral
class changes in the course of time into another class with all
its characteristics, must be entirely abandoned; a group of &

1) The masses are adopted according to Fr. H. Seares, Mt Wilson
Contributions 226, table 1V,
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dwarfs could never have possessed the statistical characteristics
of the 4-stars as we know them now, and a group of A-stars
will, in the course of evolution, never appoach the conditions
now revealed by F, G or K dwarfs. If any evolution exists, it
must be only partial, represented by oscillations within a rela-
tively limited range of spectrum ; the existing series of spectral
classes must be regarded chiefly as a classification according to
some tnvariable instial conditions, like the mass, Wlth only a slight
superposed effect of evolution (age).

Instead of a change of the manner expected, the ratios
D: D, appear to change in the same direction as the masses,
although less rapidly than the latter; in the two last eolumns
the representation of D:D, by certain tentative formulae is
given; both, w2 and u', seem to represent satisfactorily the
observed ratio, the latter, maybe, a little better. A formula

like 1’%——(}%" would mean that the frequency of companlons at

0o
a given distance D from the prlmary is a function solely of the
average density of a spherical body with a radius=2D and a
mass equal to the mass of the star. Physical grounds for such
a formula may be evidently found in the theory of the origin
of companions of double stars during the process of contraction
of a vast gaseous body having originally a mass equal to the
mass of the binary system.

If it is permissible to extend the empirical formulae over
the giant stars, a very rough estimate of their masses may be

obtained; so we find

from w’: ... masses ofgiants: G= 400; K=180; M=1200
. ‘ux/s... ” ” ” : G:]_SO@; _K=35®, M=500@;

no weight can, however, be laid on these estimates as e. g. for
the G-giants the displacement of the curve y(D) may be accoun-
ted for by a change of the absolute magnitude, and for the
M-giants the curve is too peculiar to be put aside with the
dlstrlbutlon for the other classes.

- Our general conclusion is that although the distribution of
distances in double stars of different spectral types shows re-
markable similarity, it is far from being identical; the similarity
is in no way due to a community of origin but appears to be
the result of action of a general physical or statistical law by
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which the frequency of companions originating at different
distances from the primary is regulated.

b) Relative number of companions in different classes of
spectrum. On the assumption of the similarity of (D) for dif-
ferent classes of spectrum, i. e. in attributing the individual dif-
ferences to chance errors, the relative frequency of companions
to stars of different classes may be determined by comparing
the (D) within the same limits of D.

If ¥ and 3| are the sums of y(D) within the same limits
of distance for two classes of spectrum, the ratio of the number
of companions may be assumed equal to X:3,. The relative
numbers were determined in two different ways.

1) By comparing directly only two classes being the nearest
to one another with regard to absolute magnitude; the data of
table 30') gave for the ratio of the number of companions:

dwarfs K:G@=439:451 =0.97; G F=23861:401=0.90;
F:A=2382:329=1.16; B:A=—263:313=0.84;

glants G?):4=1498:8370=1.35; K:4=3897:8370=1.07;
M:A4=183:870=0.49;

Supergiants 4 O: B= 465 :265 = 1.76.

In deriving these ratios the extreme categories of distance
were not used as being of low weight; no distinction was made
between the “close“ and “distant“ companions.

Taking the number for the A-dwarfs as unity, from the
above given ratios the following values of the relative frequency
of companions may be obtained:

Table 385.
Dwarfs Giants
Sp. class K G F A4 B G K M Supergiants 4 0
Rel. Frequency | | o 104 1.16 1.00 084 | 1.35 1.07 049 1.48

(dm < 6.9)

2) By comparing the data of table 80') for each spectral
class with the mean curve, table 33; of course, only those parts
of the mean curve are fit for a comparison which were derived

1) The factors of distance mentioned in the remarks to the table being
neglected ; the slow variation of y(D) with distance makes these factors un-
important for purposes of comparison.

2) Absolute magn. of giants G assumed = — 3.8,
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from all spectra; the limits of projected distance within which
the comparison could thus be made were: from D=14 to
D =1760 astron. units. The extremities of the mean curve, being
based on few of the spectral groups, are likely to be unequally
influenced by their individual properties and cannot be used for
comparison. As in the preceding method, the extremities of the
individual curves were also rejected. In this way the following
relative numbers were obtained, the number for the A-dwarfs
being taken as unity:

Table 36. .

| Dwarfs Giants et
Sp. class K G F A B G K M Supel_%_lgns
s . 1 _ . (28—3900)=
Limits of D | 14—880 14—1760 = = 28—1760 "2 ;175 14 1760 — |(220—14000)
Rel. frequency ’
(4m < 6.9) 1.34 0.94 1.17 1.00 0.70 1.34 1.19 0.55 (2.17 )

The agreement with the above found values is generally
good, except for the K-dwarfs where, however, the observed
number is small. From these .data it appears that the F—K
dwarfs and the @—K giants show an excess, the M-giants and
B-dwarfs a deficiency of companions differing from the primary
by less than 7.0 magnitudes wvisually. The supergiants appear
also to be richer in companions than other stars. It must be
pointed out that the relative frequency found for the @-giants
and the supergiants is somewhat uncertain an account of the
inaccurately known total number of stars of these classes.

It is remarkable that the relative frequency of companions
among stars of widely differing spectra and absolute magnitudes
shows such a small range of variation as revealed by the above
given tables; excluding the doubtful values, there is only one
class — the M-giants — which has a relative number certainly
differing from the mean by more than 20 per cent.

The difference between the data of tables 35 and 36 is
partly accidental, partly due to the difference in,the methods;
in table 36 the accidental errors must be less than in the other
table since the comparison was made with the mean curve based
on a great number of observations; however, from the stand-
point of systematical errors table 85 must be preferred, since the
comparison was made there between groups of stars little dif-



142 " E. OPIK ' o T.P. 256

fering in absolute magnitude and, consequently, in angular sepa-
ration; therefore, in the tollowmg the flgures of table 35 were
adopted

With weights equal to the actually observed number the
weighted mean of the relative frequency in ‘table 85 becomes
1.02 for all spectra except the supergiants and 0 stars; if the
similarity of (D) for different spectra is adopted, the absolute
number of companions within certain limits of distance is given by

v=”°'1.(§2"'(g)’

where v, is the absolute number for the mean curve within the
~same limits of distance, and » — the relative frequency from
table 35; from table 33 we find:

for the limits of distance from D=3.5 to D =220, »,=315...
(close companions) ;

for the limits of distance from D =220 to D= 2800, v, = 242.
: (dzstant COMPANIons).

With these values the absolute number of companions for
each spectral type was computed according to formula (g); the
result is given in table 37.

Table 37.

Probable Number of Companions with Am < 6.9 vis. among
1000 Stars of a given Spectral Class chosen at random in space.

Dwarfs Giants Supérgiants
Class | K | ¢ | F | 4 | B| G | K| M +0

| - Close companions, D = 3.5—220 astron.. units

312 | 321 | 359 | 309 | 258 | 416 | 331 | 151 |

| Distant companions, D = 220—28 000 astron. units

| 240 | 247 | 276 | 237 | 198 || 327 | 254 | 116 || 358

The original numbers representing the frequency-function of
Am, @(Am), being computed in a manner described in the preced-
ing section, were finally all multiplied by certain factors to
make the sum of the numbers from Am=0.0 to Am = 6.9 equal
to the numbers in table 37:; thus the numbers contained in
tables 81 and 32 were obtained; the use of round values made
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the sums in these tables sometimes differ by a few units from
the exact figures of table 37. | o

¢) Distribution of relative magnitudes. The first conelusion
from a comparison of tables 81 and 82 is that the frequency-
function of 4Am, @(4m), is doubtlessly different, for the close and
the distant companions; among the close companions small Am
are relatively more frequent than among the distant ones. It is
possible that p(4m) shows a progressive change with the distance,
but the scarcity of material does not allow to investigate -the
change in details; we have contented ourselves with the rough
subdivision into “close“ and “distant“ companions and shall treat
separately only these two groups; by the way, certain characte-
ristic features are revealed by each of these groups in such a
well developed manner that practical homogeneity may be assumed
for each of them separately.

In dealing with the distribution of distances we found a
certain similarity revealed by the different spectra, a similarity
although not of the character of organic relationship within a
continuous series of evolution, but more likely produced by some
unknown common law. It is natural to expect that the distri-
bution of Am will show also some similarity; from this stand-
point the argument on which ¢(4m) depends, becomes a matter
of first importance; an argument must be chosen which makes
the distribution for different spectra the most similar to one
another. There are only two arguments which may be taken
into consideration :- M, the absolute magnitude of the companion,
and the difference of magnitude Am = M—M, M, being the
absolute magnitude of the primary. Our frequency-function may
be written @(dm) or @(M—M,), generally (M, M,); two extreme
cases may be imagined: a) when M and M, enter only in the
form of their difference, 4m ; b) when in (M, M, M, disappears
so that ¢ becomes a function of the absolute magnitude of the
companion only?). ,

To answer the question as to the argument of ¢ the data
of tables 30 and 31 were plotted using as abscissae 4m and M
alternately; as will be explained later on, instead of the visual
Am the bolometric difference of magnitude was used, because it
appears natural that if only the ratio of luminosities determines

1) Particulars as to the theory may be found in 7. P. 25;, pp. 4—b5.
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their frequency, the ratio which more nearly corresponds with
the relative physical importance of both components is the ratio
of their total radiation; after all, the use of the bolometric diffe-
rence of magnitude introduced no substantial alteration in the
curves, whereas the agreement of curves which appeared similar
in the visual magnitudes was apparently improved. The absolute
magnitudes used were, on the contrary, visual, as the reduction
to bolometric magnitude, depending on the absolute magnitude
only, would change nothing in the relative character of curves
having as argument the absolute magnitude itself.

Of the curves obtained in this way are reproduced here
only those which have as abscissae the argument leading to the
best agreement of the different spectra; from an examination
of all curves the following conclusions were drawn :

1) the giants show a distribution of Am which is distinctly
different from the distribution among the dwarfs; the difference
is equally revealed by the close and the distant companions;
the spectra may thus be divided into two principal groups: the
dwarfs from B to K and the giants; as to the supergiants and
O-stars, they stand apart and are omitted from the subsequent
discussion ; ‘

2) the curves for the close companions plotted with 4m bolo-
metric as abscissae show high similarity for all spectra of the
dwarf branch, from B to K; the same curves plotted with the
absolute magnitudes as abscissae show mno trace of agreement;

8) on the contrary, the curves for the distant companions
to dwarfs from B to K show very bad agreement with Adm,
and remarkably good agreement with the absolute magnitude as
abscissae ; the agreement is good not only in the relative rise
and fall of the curves, but also in the absolute frequency; an
exception present only the joined G+ K dwarfs which show
systematically a frequency 40—50 9/, less than the other types,
but the total observed number for this category is very small
— only 23, and the reduction to absolute numbers (cf. tables 37,
86, 85) somewhat uncertain.

In the case of the giants the question as to the most con-
venient argument of the luminosity-curve cannot be answered
independently, as the range in the average absolute magnitude
is small there, and of the three groups only the K-giants are
sufficiently numerous for individual treatment; moreover, the
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distribution for each of the three groups seems to be peculiar;
by analogy with the dwarf series we may assume, however, that
the frequency of close companions depends on the difference of
magnitude, and the frequency of the distant ones — on their
absolute magnitude.

The reduction to bolometric magnitude was executed in
the following way. Let within the limits of visual magnitude from
Am =z to Am ==, be found » companions, and let the cor-
rections for bolometric magnitude be &, and b, respectively; the
limits of bolometric magnitude will be x,-b, and Zo—+by respecti-
vely; the frequency per unit of magnitude interval will then be

Am, )= -
PAm0) (@g o) — (%, +by)
corresponding to a mean

=x1—]-—b1—{—x2—|—62
: 2

(h),

Am .

bol

The corrections b, which are applied to Am, represent the
differential correction for bolometric magnitude in the sense:
companion minus primary.

The difference of bolometric and visual magnitude, my,—ms.,
may be computed with an accuracy sufficient for our purposes
if the spectral type is given; on the other hand, for the dwarf
branch the spectrum may be assumed to be a continuous function
of the absolute magnitude: exceptional stars of early type and
low luminosity like o,B Eridani are apparently too rare to influ-
ence sensibly the statistical relation between my,—m,; and the
absolute magnitude. For the difference m,—m, were therefore
used the data of table 1, 7.P.25, (1922) p. 11 and fig. 1 on
p.- 23, ibidem. As to the companions to giant stars, within
4m = 0.0—0.9 it was assumed that 4 of them belonged to
giants of class K and 4 — to the normal dwarf series; such
appears to be approximately the proportion of giants to B4+ 4
dwarfs in space, according to H. Shapley (Harvard Bulletin 792).

In this way the data of table 31 were reduced to the bolo-
metric difference of magnitude; the result is given in table 38.

At the bottom of the table are given the mean frequency-
functions of Amy,, for the dwarfs and the giants separately.
There 3n denotes the total observed number, SW — the effective

10
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Ta

ble 38.

Frequency-Function of the Difference of Bolometric Magnitude.

Close Companions.

10*

dmvis. | 05 | 15 | 25| 35 | 45 | 55 | 65 | 7.5 | 85 | 95 l 105 | 115
1) Dwarfs
Ay 03] 09 | 16 | 25 | 34 | 43 |52 |61 | — | — | — | —
Klgem) | 37 | 15 | 50 7 % | 107 | 122 | 255 | — | — | — | —
" M| |l6e | ol |3 |6l —| —| —| =
(4 v 04 | 1.1 | 17 | 23 | 32 | 40 | 49 | 58 | 67 | 76 | 85 | 95
G (p(z/mb) 36 19 9 | 61 | 104 | 111 | 48 | 320 0 | 7000 0 0
| W @ | o0l o6 | el @lo ol oo
( me 05 | 1.4 | 21 | 28 | 34 | 42 | 50 | 59 | 68 | 7.7 | 86 | 95
Flg(dmv) | 47 | 39 | 4k | 73 | 40 | 126 | 83 | 196 | 74 0 0 | 490
| 19 2 @) (4 | ™ | ® | G| 6O o] © |
J Ao 05 | 1.6 | 26 | 34 | 42 | 48 | 54 | 62 | 7.1 | 80 | 89 | 98
(p(me) 40 | 36 | 20 | 40 | 76 | 146 | 50 0 | 160 | 300 | 900 0
6D (49 Ay [ L 6) | WO n 00O
I me 0.5 1.6 2.7 3.7 4.6 5.4 \ 7.4 —- —
B/ g(amv) | 19 | 23 19 | 87 | 124 0 1000 0| — | — | —
| " @ 5 @@ ® o0 <o> o - =] =
2) Giants
Ay 0.4 1.4 2.5 3.3 4.1 47 | 53 | 6.1 | 7.0 — — —
G (p(d’mb) 28 | 53 0| 45 0 0 | 380 0| 2800 — |.— | —
| W |l onl O 0 O]lOo| 0] - |-
Amb 0.8 19 | 3.0 3.8 | 46 52 | 5.8 | 6.6 | 7.5 | 84 | 93 | 10.2
K ! ¢(dmy) 3. 5. 16 | 24 | 29 | 194 | 218 | 163 0 0ol o o
" ! ] a w0 | O @I 3@ O ©0]|©0,©
Amy 15 | 29 | 40 | 49 | 57 | 64 | 70 | 7.7 | 86 | 94 | 10.3 | 11.2
M) o(dmv) 0. 5. 8. | 4. | 69. | 90. | 0. | 0. | 0. | 0 | 0 | o
" Ol Ol Ol el el lol ol o] O] o]
3) All dwarfs, mean
i, limits [0.0—0.911.0—1.9/2.0—2.9|3.0—3.9/4.0—4.9/5.0—5.9/6.0—6.9(7.0-7.98.0—8.9 9.0—9.9
Mbol. mean | 0.5 15 2.5 34 4.3 5.4 6.5 7.6 8.7 9.6
s 152 69 54 33 29 13 8 | 2 1 1
P54 3879 | 2084 | 1362 | 706 285 | 166 60 | 6.6 3.6 3.1
o(Amvor) | 392 | 832 | 397 | 47. | 102. | 78 | 183. | 300. | 280. | 320.
4) All giants, mean
" limits | 0.0—09 | 1.0—1.9 | 2.0—3.4 | 35—4.4 | 45—4.9 | 50—5.9 | 6.0—6.9| 7.0—7.9
Amvol. oan 08 18 3.0 3.9 4.7 56 65 74
n 12 12 14 11 10 16 5 1
W 2643 1774 1022 559 319 106 38 20
Pl Amnol) 4.6 6.8 14. 20. 31. 151. 132. 50.
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number of stars completely examined ; ¢(Amb)=1—0202/vlz. From
the table we learn e. g. that within the limits of Amy,=5.0—5.9
there are known 13 companions to dwarfs of the H.R.; the
combined efforts of all observers in searching double stars of
the given Am, among the dwarfs of the H.R. is equivalent to an
exhaustive examination of 166 dwarfs within the limits of pro-
jected distance from 8.5 to 220 astronomical units.

In deriving the mean distribution of close companions for
the dwarfs the A4m, of the individual curves were not taken as
given in table 88, but the following corrections were applied to
the Am, beginning from 4m;,>2.0: to K, +0.3; to @, —+0.2; to
F,0.0; to 4,—0.2; to B,—0.2; these small corrections are
only a matter of convenience and have no practical influence on
the result; they represent a first approximation of the relative
displacement of the individual curves, the displacement being
smoothed out with respect to spectral type.

The @(Amun) for the dwarfs, contained in table 38, are
plotted on fig. 5 with the bolometric difference of magnitude
as abscissae; for comparison the mean curve derived from all
dwarfs, given at the bottom of table 88, is also reproduced.
In fig. 6 are compared the mean frequency-functions of Am, of
close companions for dwarfs and giants.

As to the distant companions, no alteration was introduced
into the data of table 82; table 39 represents the mean distribution
of absolute magnitudes of the distant companions, for the dwarfs
and the giants separately.

The data of this table are arranged in the same manner as
for the mean curves of the close companions and require no
separate explanation.

On fig. 7 the distribution of the absolute magnitudes of
distant companions to dwarfs is given as compared with the
corresponding mean curve; fig 8 gives a comparison of the
mean luminosity-curves of the distant companions as found here
for the dwarfs and the giants, with the luminosity-curve of stars
as a whole — according to Kapteyn and Van Rhijn — and with
the preliminary curve, dwarfs and giants joined, derived in
T.P.255, p. 24.

It may be hoped to obtain new knowledge of the laws of
stellar evolution chiefly from the luminosity-curve of close
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companions; the distribution of luminosities of the distant
companions, being independent of the luminosity of the primary,
only indicates that the physical properties of these companions
were formed without any influence on the part of the centra]
mass, the latter being only a “primus inter pares“. On the
contrary, the distribution of the close companions depends on
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the ratio of luminosities of the companion and the primary, so-
that an organical relation between them must exist.

d) Close companions and stellar evolution. A comparison of
the curves on fig. 5 leads to the following conclusions. The
curves for the dwarfs are very similar both with respect to the
shape and to the absolute number; perhaps the frequency for
the B-stars between Am, = 0.0—3.0 is about 50°/, below the
average, but it must be taken into account that the observed
number of close companions in this class is very small, so the
difference is not certain. We are thus very near the conclusion:
of the identity of all curves for the dwarfs. Nevertheless certain
relative displacements of the curves along the A4m,-axis seem pro-
bable; practically the displacements can be determined with some
certainty. only by using the wave of the mean curve between
Amy = 8.5—5.5, as for smaller Am, the curve presents no con-
spicuous markings, and for greater Am, the .observations for the
individual curves are either too scarce, or entirely lacking. The
following shifts of the curves relative to the mean curve were found ::

Table 40.

Displacements of Individual Luminosity-Curves of Close Companions
relative to the Mean Curve for Dwarfs.

Effective dmp = 4.3. The weight of the estimated displacement is given in
parentheses.

Giants,

Spectrum K G F A B mean

) ascending
Dlsplace-J branch | 40.2(3)| —1.1(3)| 0.0(5) | 40.4(8) | —0.2(2) | +1.2(14)
ment ldescending . —06@) | —0.1() | 40.2(2) | 01| . ..

(st. magn) mean +0.20(8)|—0.90(5)| —0.04(9)| +0.36(10)| —0.10(3)]| +1.2(14)

A positive displacement indicates that Am, of the given:
spectrum appears ¢ncreased as compared with Am, of similar:
points on the mean curve. The weights are assumed equal to-
the number of observed companions on which the corresponding-
point of the individual curve depends. The last column of the
table represents the result of comparison of the mean curve for-
the giants with the mean for the dwarfs. Although the weights
are very low, some conclusions from the data of table 40 may
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‘be drawn. We shall consider here a few typical working hypo-
theses on stellar evolution with the purpose of comparing them
‘with the few observational facts found. Certain theories proposed
by the author cannot be explained ‘here in details; for particulars
concerning these theories 7. P.25, and 25; may be consulted.

The hypotheses may be divided into two chief groups:
I) hypotheses supposing a one-sided uninterrupted course of
evolution, e. g. a continuous decrease of luminosity since the
“origin“ of the star; II) those supposing a reiteration of the
consecutive stages of evolution, e. g. a gradual decrease of lumi-
nosity, interrupted by ,catastrophes“ after which the star regains
its ¢netial luminosity and begins anew its evolutionary course.
With respect to the supposed source of stellar energy and the
rate of cooling') two extreme cases will be considered, the theory
of gravitational contraction?) and the so-called theory of “radio-
active cooling“ where the decrease of luminosity follows the loga-
rithmic law known to hold for radioactive substances. : Finally
the II-nd group of hypotheses presents two alternatives: 1) the
“catastrophes“ may occur simultaneously for both components
of a double star; 2) the components may be independent from
-one another with respect to the catastrophes. The different
combinations of these alternatives give together 6 cases which
must be examined.

I. One-sided evolution.  The origin of both ‘components may
be assumed to be simultaneous, and their ,age“, measured in
units of time, to be equal. 1) Gravitational contraction; the ratio
of the rate of cooling for the components A and B of a binary
was determined in 7' P.25;, p. 17 by

log%=;0.15(MA—MB) . e

this formula was deduced on the assumption that the mean
masses of the components are related to their luminosities in
the same way as the masses of single stars3), i. e. that approxi-
mately J, :Jp, = (4 :1)® . . . . %; however, in the same publi-

1) T. P.25,, p- 5 and further.

2) For compressed dwarfs the conditions of thermal cooling are ap-
proached in this case.

3) More correctly — as the masses of the primaries to one another.

4) Formula (14), p. 19 in 7. P.25;. '
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cation it has been shown that the relative masses of two com-
ponents of a double star are, on the average, represented satis-
factorily by another formula:

eTA . JB = (‘U/A . MB)]'O e e e 1),

J4 and Jp being the luminosities, u, and wp — the masses: by
using this formula together with table 9 in T.P.25, it was found
that the ratio of the rates of cooling for gravitational contraction
could be well represented by the following formula

log(vA vp) = —0.28 (My—Mp) . . . . (k);

this formula may be applied practically to all classes of the
dwarf series. The magnitudes M, and Mg are supposed to be
bolometric. :

For My,— Mg —= —Amy, — —4.3 we have
VA U = 16.

The decrease of magnitude of the bright companion is thus
16 times more rapid than the corresponding decrease of the faint
~companion, and the difference of magnitude will decrease almost
as rapidly as the brightness of A diminishes. " Taking into account
that va:vg =AM, :AMs, we may obtain from formula (k) the
following relation :

0.28 x 0.28 (2, —dm, —0.28 4m
.10 B 100 0)—|—1—10 LU

here z, and xp denote the decrease of brightness (in stellar
magnitudes) during the process of contraction of the components
A and B respectively, 4m, — the instial difference of magnitude;
the final difference of magnitude is given by -

Am = Amq+axg—2,8 . . . . (m).

With Amy=—4.83 we have:

Table 41.
ry, = 0.0 20 440 6.0
rg = 0.0 402 409 +21
Am = 4.3 2.5 1.2 0.4
displacement = 0.0 —1.8 —3.1 —39

1) Formula (12), p. 18 in T. P. 25,
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Comparing these values with the displacements of table 40
~we conclude that between the dwarfs from B to K z, does,
certainly, not exceed 1.0 magn.: the maximum range of “cooling“
corresponds to an advance in the evolution by less than one
spectral class!); with the gravitational source of stellar energy
the age of the stars should, on an average, be less than 1 million
years, which seems quite improbable. Even if the gravitational
theory with such a small space of time is nevertheless adopted,
the spectral types of the dwarf branch cannot be regarded as
a homogeneous and continuous series of evolution, since the
maximum admissible range of cooling is only about 4t of the
range of absolute magnitude from B to K; this conclusion is
quite analogous to the conclusion arrived at in discussing the
distribution of distances.

The inclusion of giants into the comparison (table 40, last
column) somewhat increases the possible range of xa, for the
sequence giants, F-dwarfs, (-dwarfs, K-dwarfs up to about 2
magnitudes maxzimum; but this represents also only about 0.4
of the range in absolute magnitude, the conclusions remaining
thus practically unaltered ; moreover, the legitimacy of comparing
in this way the giants with dwarfs is questionable, as the
luminosity-curve of giants differs sensibly from the luminosity-
curve of dwarfs.

2) “Radioactive cooling“, defined by v=aaif=const., v Te-

presenting the rate of fading of the absolute magnitude per
unit of time. As a working hypothesis » may be assumed to
be constant not only for the same star during different stages
of evolution, but also for different stars. On this assumption
the range of decrease in the magnitude will be. equal for the
bright and the faint companion of a binary, and the difference
of magnitude will remain unchanged; thus the displacement in
the luminosity-curve will be zero, whatever the decrease in the
absolute magnitude be. The displacements in table 40 may, in
this case, be regarded as accidental errors — or as the result
of a small deviation of » from constancy for stars of different
absolute magnitudes. The continuity of the series of evolution
cannot be tested from the standpoint of this hypothesis. However,

1) The average change of absolute magnitude per spectral class may
be assumed equal to 1.5 magnitudes between B—K.
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assuming the conclusions to which the discussion of the distance-
distribution led, we are forced to admit that the actual range of
decrease in the absolute magnitude since the “origin“ of the
stars must be small in comparison with the range of the abso-
lute magnitudes themselves; such a form of the hypothesis dif-
fers little from the assumption of a stationary state of the stars,
which is equivalent to a negation of any evolution, since a slow
simultaneous change of the absolute magnitudes of all stars
cannot be revealed by the available data.

II. Periodical evolution. We shall adopt here the numerical
results at which we arrived in a preceding publication?); in this
publication it was found that the general luminosity-curve of stars
may be explained on the assumption of periodical evolution, and
for the two hypotheses as to the source of stellar energy certain
constants seemed to give the best representation of the obser-
vational data®); the hypothesis of “radioactive cooling“ led to
satisfactory agreement, whereas the theory of gravitational con-
traction showed some agreement for the ascending branch of
the luminosity-curve, failing utterly for the descending branch;
for luminosities exceeding absolute magnitude 2 (bolometric,
7 =1") the consequences of the theory of gravitational contraction
do not differ too much from the observational data, so it is
permissible to apply both theories to the double stars here con-
sidered, since the absolute luminosities of the primary compo-
nents fall not below the above given limit.

Let us call the age of cooling of a star the decrease of lu-
minosity reckoned from the last maximum of brightness; the
age of cooling expressed in stellar magnitudes is

a = M—MO . . . . (n),

M being the absolute magnitude at present, M, — the snitial
magnitude®), both bolometric. Using the denotations of T. P.25,,
according to formula (11) there given, we obtain

My=M
Myp(M, M) X (My)dM,~+[M, .17, X(M,)] ar,—
a=M——%=== ... (p)

@ (M)

1) T.P.25,. 2) Ibidem,p.22—24 and 30—31. 3) Ibidem, p. 6 and further.
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According to the theory exposed on pp. 20—24 and 30—31
of the said publication and using the constants there given,
values of a given below in table 42 were computed. These
values thus represent the probable decrease of the absolute bolo-
metric magnitude since the “origin“ — or the first preceding
maximum of luminosity —, as derived from the general lumino-
sity-curve of the stars; the a are average values for a given
class of the absolute magnitude.

Table 42.
Average Age of Cooling, a (stellar magnitudes).
Mabs. bolom. +4| 43| 42| +1] o —1f _2 _3’ —4' ——5’ —6
Gravit Contr. ceo| ... 36133127 20/|13|08]|05]0.3](0.3)
{Radioact. Cooling] 2.7 { 2.0 | 1.5 | 1.1 |08 |06 | 04|02 |00/ 00/ 0.0

For the separate spectra the following values of a were
assumed according to table 42:

Table 43.
Average Age of Cooling for different Spectra.
Spect A Dwarfs ' Giants,
r

poetram K| 6 | F| 4| B | mean
(w17 [ Mris. 4+0.7| —0.8| —2.3| —3.8| —5.8| —44
= Mbolom. | +0.3| —0.8| —2.3| —4.0| —6.0| —4.9
J Gravit. 2.9 2.1 1.1 0.5 0.3 0.3
% 1 Radioact. 09/ 061 031 00l 00 0.0

Now we may proceed to the discussion of the parti-
cular cases.

1) Gravitational contraction. A) Simultaneous “catastrophes“
for both companions; this case resembles hypotheses I, as after
the “catastrophe“ the difference of magnitude diminishes with
a speed equal to va—wp; in table 41 we put xx =a, the latter
being determined by table 48; from tables 41 and 40 we obtain
the following data.

Displacement of the luminosity-curve at Am, = 4.3

Sp., dwarfs K G F A B
d. (computed displ., gravit.
cooling) —24 —19 —1.1 —0.5 —0.3

d, (observed, table 40) —+0.20 —0.90 —0.04 -}-0.86 —0.10
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A glance at these figures is sufficient to show that the-
adopted hypothesis is feebly supported by observational evidence :.
assuming dy=rkde+c . .. (1),
from a least-square solution we obtain :

k=-0.4540.08
c=-40.45;

The correlation factor k indicates that the observed displace-
ments are less than & of the size expected according to the:
theory. The smallness of the probable error makes a value of
k=1 quite improbable.

B) Independent “catastrophes for both companions. In this.
case the mean distribution of faint companions may be assumed
invariable, and the dispcementja beginning from a certain Am,,.
will be constant and equal to a taken with the opposite sign.
For small Amy, of the order of a, the displacement will gradually
increase from zero to a because the primary and secondary compo-
nents may sometimes change their parts.

Therefore the displacements to be expected in this case are-
those given under “a Gravit.“ in table 43, taken with the sign.
“—“; they differ but little from the displacements required by
the preceding hypothesis, being somewhat greater and giving
thus even a smaller factor of correlation, %.

In conclusion it may be stated that cases A) and B) differ
too little from one another to allow of an independent test of
both separately; but the smallness of the factor of correlation, %,
makes the general hypothesis of gravitational cooling to appear
improbable also in the case of periodical evolution.

2) Radioactive cooling. A) Simultaneous catastrophes; the rate:
of cooling being constant, no displacement will occur. In this
case the displacements in table 40 must be regarded as accid--
ental. This hypothesis resembles exactly the hypothesis I, 2).

B) Independent catastrophes. As explained above, the dis-
placement must be equal to —a. Assuming a correlation of the
form (r), where d, is given by table 40, and d, = “a Radioact.“
of table 48, from a least-square solution we found:

k= -406740380; c¢=-0.15.
The theoretical value of £ in this case is 1, whereas for

A) it should be 0. The value found differs from 1 within the
limits of the probable error.
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The conclusions arrived at in the above discussion may be
summarized as follows.

The theory of periodical evolution with the radioactive law of
eooling and catastrophes occurring independently for both com-
ponents of a binary gives the best account of the observed dis-
placements in the luminosity-curve of close companions.

Simultaneous catastrophes in periodical evolution, as well as
the absence of any evolution appear less probable, though not
altogether impossible; there is very little probability in favour
of the theory of gravitational cooling, even in the form of perio-
dical evolution, where gravitation may supply energy only during
the “quiet“ state of regular decrease of luminosity, whereas the
energy of catastrophes may be imagined to come from another
source, gravitation playing thus only the part of an accumwulator;
if other facts like those dealed with in T. P.25,, or the time-
scale of the universe are taken into consideration, the tests
against gravitation playing a conspicuous part in supplying energy
and governing the rate of stellar evolution, become almost over-
whelming. - By the way, the usefulness of the theory of gravi-
tational contraction as a working hypothesis may be acknowledged
.only as far as the stars are believed, during their life-time, to
run through a wide range of absolute magnitude and spectrum;
as soon as the view of all spectral classes forming an uninter-
rupted chain of evolution is rejected, and the average range
within which the absolute magnitude can vary being proved
to be far less than the range existing among the absolute mag-
nitudes themselves, the application of the theory in explaining
facts of stellar evolution becomes very limited: gravitation may
be regarded henceforth only as the force which holds together
the mass of the star, whereas the supply of energy on which
the evolution depends, must be attributed to other forces.

Some remarks may be added on the method of deriving
the relative displacements of the luminosity-curves. The method
adopted above appears to the writer to be the most reliable: a
.comparison of the position of the most pronounced maxima and
minima, or of the relative rise and fall of the curves seems to lead
to the most confident results, whereas the absolute number for the
different spectral types is liable to be influenced by many sour-
.ces of systematic error. Nevertheless a comparison of the abso-
lute numbers will also be given below. Let » denote the probable
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number of companions within certain limits of 4m, and let 2%»
denote the fotal number from Am = 0 to Am = z; if for two curves
2%y = 2"w,, the relative displacement is given by d=xz —z,.
In this way the displacements given in table 44 were found. The
displacements in this table are reckoned relative to the mean curve
for all dwarfs, and are expressed in stellar magnitudes (bolometric);
lim. Amy, = x.
Table 44.

Relative Displaccment of Luminosity-Curves for Close Companions
as derived from the absolute numbers.

All 7dwarfs, ﬁean o -
lim. amyp 0.95 1.95 2.95 3.85 4.85 5.95 7.05 8.15
>y 39 112 159 261 339 472 772

Individual Curves

lim. dmyis 0.95 l 1.95 | 295 3.95 4.95 5.95 ’ 6.95 7.95

1) K-dwarfs
lim. Amyp 0.59 | 1.24 2.06 2.93 3.83 4.72 5.63 6.52
Xy 23 } 33 74 80 103 199 309 539
displacement| 40.02 | 40.51 | 4+0.06 | 40.78 | 4+1.10 | +0.47 | 4-0.16 | —0.77

2) G-dwarfs

lim. #4mp | 0.76 | 1.38 | L 272 | 358 | 446 | 535 | 6.25
v 29 41 | 46 | 92 182 279 322 612
displ. +0.05 | 4-0.38 | 40.84 , 40.27 | —0.50 | —0.65 | —0.36 | —1.31

3) F-dwarfs

lim. dmy 0.95 1.79 | 248 | 3.12 3.77 4.59 0.46 6.36
2y 47 80 | 110 | 157 183 286 358 933
displ. —0.14 | —0.36 | --0.42 | —0.69 | —0.32 | —0.62 | —0.65 | —0.91

4) A-dwarfs

lim. Amy | 1.07 | 211 | 305 | 385 | 447 | 505 | 581
v 45 82 109 141 188 | 273 311
displ. | —0.15 | —0.09| 40.18 | 4-0.34 | 4-0.3¢ | 40.05 | +0.22

5) B-dwarfs

lim. #my | 099 | 212 | 320 | 420 | 5.04 — —
Sy 20 46 66 153 257 —
displ. 4051 | 4-0.96| +143 | 4046 | 4023 | — —

||

|
bl

Giants, mean

lim. dmp 1.30 | 2.40 3.45 4.30 5.15 6.05 6.95 7.85
Sy 25 45 76 227 359 409

5 11

displ. +1.14 | 4216 4283 | 43.17 | 43.10 | 4+1.53 | 40.83 | 41.33

These displacements generally confirm those of table 40;

the range within which the displacement for the same class

varies remains gencrally within the limits of the accidental error,

except for the giants where the enormous and variable displa-
11




162 E. OPIK T.P. 256

cements indicate that the nature of the curve is in this case
altogether different from the curve of the dwarfs. From the
table it appears that beginning from Am, > 8.0 the displacements
for the dwarfs are practically constant, the variation being of an
accidental character; this is exactly what would be required by
the theory of periodic evolution with independent catastrophes,
the hypothesis being thus supported by independent evidence
also from this part.

e) Distant companions. Their luminosity-curve being appa-
rently independent of the luminosity of the primary, the inde-
pendency of their origin may be also suggested; whereas the
close companions seem to have originated by some process of
fission, the distant ones may be regarded as originated from
independent nuclei in the primordial nebula; these views are in
accord with certain conclusions of H. N. Russel, derived from
altogether different observational facts. A capture-theory of the
distant companions appears, however, improbable; were these
bodies captured, their luminosity-curve should resemble the dis-
tribution of luminosities among the “free“ stars of our universe;
after the researches of J. C. Kapteyn the latter distribution may
he assumed to be fairly well known; a direct comparison of the
curves may be made on fig. 8, whence it appears that the curves
are altogether different. The continuous logarithmic increase of
the frequency of distant companions with decreasing absolute
magnitude, the curve running almost in a siraight line, bears
much likeness to the luminosity-curves as known for stellar
clusters. The rise of the curve is more steep for the giants than
for the dwarfs, the former possessing thus a relatively greater
number of absolutely faint companions.

[y The tolal number of companions. According to the mean
curve for dwarls as given in table 38, among 1000 average
dwarfs there must be found 472 close companions within the
limits of 4m, = 0.0-—-6.9 and within the projected distance
D = 3.5 — 220 aslron. units; within 4m, = 7.0 — 9.9 and the same
limits of distance the corresponding number is 900 ; although the
latter is based on 4 observed companions only, the number must
“be of the right order of magnitude, its probable error being
estimated at +42 per cent; thus the probable number of close
companions to an average dwarf star within 4m, =0.0—9.9 and
within the limits of distance given above may be estimated at
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1400 per 1000 ; if the distribution of distances for D < 3.5 retaius
the same character as found for greater distances, an estimate
of the number of closer companions may be made according to
formula (a’) of this section; assuming the average diameter of
a dwarf star to be = 2O or 0.02 astron. units, we have for the
ratio of the numbers between D = 0.02 —3.5 and D = 3.5 — 220
the value :
Noo2—zs o lOg 3.5 — 10g 0.02
Nss_s0 log 220 —log 8.5

= 1.2,

or it may be assumed that the number of companions below
D =3.5 a. u.roughly equals the number between D =3.5—220 a. u.
This is rather an underestimate, as the factor C in formula (a")
shows a tendency to increase with the decreasing distance. We
arrive at the conclusion that one dwarf star must, on an average,
1

10 000
or more of the prlmary, at a projected distance less than 220
astronomical units.

Assuming for the average diameter of a giant 0.2 a. u., we
find in a similar way

have about 3.1 companions of a bolometric luminosity =

?02—3.5

SR — 0.7

N35 220
for Nss—200 table 38 gives 409 per 1000 within Am, <8.0; thus a
giant will possess, on an average, 0.7 companions of a bolometric

> 1—30—6 of the primary at a projected distance less than

220 astron. units. As the dwarfs within Am, <(8.0 would give
about 1.6 for the corresponding number, it appears that the dwarfs
have about twice as many companions as the giants.

From the data of table 39 we find that within the limits of
D = 220—28000 a. u. an average (F-type) dwarf will possess about
0.5 companions brighter than absolute magnitude | 8.0 (visual,
w=1"), and an average giant — about 1.8 companions brighter
than absolute magnitude 4 7.5; estimating the effective sphere
of action of a star at about 200 000 astron. units, we find, accord-
ing to formula (a’), that about 40°, must be added to the
above given numbers to obtain the probable number between
D = 28000 — 200000 a. u. Finally we may estimate the average
number of distant companions brighter than absolute magnitude
4+ 8.0 at 0.7 for one dwarf, and at 2.5 for one giant. Thus,

©11%

luminosity >
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whereas the dwarfs are richer in close companions, the giants
show an abundancy of distant ones.

The total number of physical companions brighter than,
say, absolute magnitude -8 may be estimated, on an average,
at 4 for one dwarf and 3 — for one giant. Thus multiple stars
seem to represent the general rule, whereas single stars like our
sun, or even double stars must be regarded as rather exceptional.
The known double stars figuring in our lists thus represent a
small fraction of the total number, the majority escaping from
being observed on account of an unfavourable combination of
angular separation, relative magnitudes and apparent magnitude.
A part of the closest pairs inaccessible for direct observation
reveals itself in the form of spectroscopic and eclipsing binaries,
and the relatively high percentage of variable radial velocity
among stars examined for this purpose!) seems to support our
conclusions as to the total number of companions.

An average star may thus be regarded as analogous to a
small cluster of 3—5 self-luminous' members; the unit which is
ordinarily counted in stellar statistics is such a cluster, not a
single star; of course, in the majority of cases the companions
are much less luminous — and, probably, also less massive —
than the primary, so that the latter practically determines the
physical properties (magnitude, spectrum, etc.) of the system.

g) Comparison with T.P.25,. The conclusions arrived at in
our former paper from considering the luminosity-curve of a
selected list of pairs are in their general features confirmed here.
The conclusions were changed only in two points: 1) the B-dwarfs
apparently show a distribution of relative magnitudes similar to
the other dwarfs; 2) the giants show a distribution decidedly
different from the distribution for the dwarfs. The chief cause
of the mistake in 7. P.25; must be sought in the neglection of
angular separation and difference of magnitude as a factor of
selection; for the luminous B-stars and giants this neglection
should be of especially conspicuous consequences, as the angular
separation in the moving B-type pairs is the smallest for the
same apparent magnitude among all spectra, and a consi-

1) The Victoria observers find that 25 9% of stars examined are
gpectroscopic binaries, the percentage for the B-stars approaching 50. Publi-
cations of the Dominion Astrophysical Observatory. Vol. I Ne 26.
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derable percentage of giant pairs possess, according to the present
investigation, great Am, whence an underestimate of the corre-
sponding coefficients of selection must have resulted.

8. Summary of Results and Conclusions.

1. In table 1 a list of double and multiple stars containing
about 1850 entries is given. The magnitudes of the components
are reduced to the photometric scale with the aid of systematic
corrections applied to the estimated difference of magnitude.

2. Tables 4, 5 and 6 furnish a means for converting esti-
mates of the difference of magnitude made by different observers
into photometric magnitudes; these tables are derived only from
pairs where the primary is a naked-eye star, but as a first
approximation they may be used for fainter pairs also.

8. The selection of the list is discussed and probable nume-
rical values for the completeness of the data are determined.

4. From 1216 physical or probably physical companions
the distribution of the relative distances and magnitudes is de-
rived and discussed, different spectral classes being treated sepa-
rately. The final results for the distribution are contained in
tables 30, 31, 32, 33, 38, 39.

5. The projected density of companions around the primary
varies nearly as the inverse square of the projected distance;
the true (spacial) density must vary inversely to the cube of
the distance.

6. The deviations from the inverse-square law in the dis-
tribution of distances are of a similar character for all classes
of spectrum and absolute magnitude '), which implies the existence
of a general statistical law governing the origin of companions.
The character of the distribution is such that similar maxima
correspond to greater distances for stars of greater mass. This
is quite contrary to what should be expected if the spectra pre-
sented a continuous series of evolution, the “later“ types origi-
nating directly from the “earlier“ ones with a corresponding
change in the average mass.

7. The distribution of the relative luminosities of close
companions (proj. distance <220 astr. units), or of the absolute

1) Supergiants excluded.
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luminosities of distant companions (proj. distance > 220 astron.
units) shows remarkable similarity for stars of the dwarf series
from B to K, whence the similarity of origin may also be con-
cluded. The close companions are likely to be originated by
fission, whereas the distant companions represent apparently
independent nuclei in the cosmic cloud from which the system
is believed to have developed. A capture theory of the dlstant
companions appears highly improbable, of the close companions —
impossible.

- 8. From the discussion of the dlstrlbutlon of relative
magnitudes and distances the following concluswns regarding
stellar evolution may be drawn:

a) ¢f cvolution exists, the change in the absolute magmt-ude
for a star, at present brighter than absolute magnitude |1
(visual, @w=1"), cannot exceed 1 stellar magnitude since ils
“origin“, i. e. since the moment when the companions of double
stars were formed; the observed range in the absolute magni-
tude being much greater, it follows that almost the same vari-
ety in the absolute magnitudes and spectra as observed at
present must have existed since the origin of the stars and that
this variety must chiefly be attributed to the initial conditions,

e. g. to the difference in the mass, evolution accounting for
only a small fraction of the observed difference in luminosity
and spectral characteristics ;

b) nevertheless a slight increase of the age with the advancing
spectral type among the dwarfs is indicated by the relative dis-
placement of the luminosity-curves of close companions; the best
agreement with the observational data is obtained for the hypo-
thesis of periodical evolution') with the radioactive law of cooling
and catastrophes occurring ¢ndependently for the companions of
a binary ?);

c) a stationary state of the stars, without any evolution,
appears less probable but not altogether impossible ; .

d) gravitational contraction as a source of stellar energy,
or as a factor determining the character of stellar evolution may

1) Compare 7. P.25,.

2) i. e. when the principal star undergoes a catastrophe like the pheno-
menon of a Nowva, a companion at a distance from 3.5 to 220 astron. units
will be influenced only superficially, its heat-radiation regaining after the
catastrophe the value which it possessed before the catastrophe.
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be entirely neglected; no facts in favour of this theory can be
found.

9.  Multiple stars seem to represent the general rule in our
stellar universe, the probable number of companions brighter
than absolute magnitude -8 (w=1") being from 3 to 4 for one
average star. The majority of them cannot, however, be observed
visually.

10. The Iluminosity-curve of companions to giant stars
differs decidedly from the corresponding luminosity-curve. of
dwarfs, the giants having a very small number of bright com-
panions and a relatively high number of faint ones.




