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SO:3 PROBLES OF ASTROCHLOAL STATISTICS
. I ethods of Treating Frequency Tablos etc. |
o ey
1) Counted numbers, frequency-tables ond frequoncy-fanctions , The (,wwlgw#“.
”

prinary subject of statistics is o counted nusbor. The countod ele-
4 ments mey be chosen oither by a qualitalive criterimw (e.:. 1 ousbth "‘M
)nniusls of a certain species), or by a quantitative one (number o &7 )
tars within dof inite inits of mguitude). In astromonicol stotlstiss g (
only the second xind of counting is of importencs (oven in counting,e.g. B Clouye L
7/ 211 stars visible on o plate, or within an arez n the sky, without tekize  Maigffy

e

X I” {nto acoount their magnitudes, the 1imits of nognitude ero set irplicite  wl Ao g/
by tho effective limiting magnitude of the count on the side of low lum- ‘, it
inosity, and by infinite luminosity on the other sidel. {rramns-diy ‘

By counting ths mamber of things within consecutive cdjocent limtts Pl |
of tho measured quantity x we obtoin o frequency-table. Tue mumber
within the limits of X from X - AX/2 o X +43/2 ve denote by On. *ﬂ %, ,

\ x we cull the argument of the freguency-table, AX the tabular interval; W
1t 1s advisablo to have a constant tabulor interval over the whole range gy, ,.y 1
of x. !

i
4 Vw.\&,)

The frequency-toble is exhoustive with respect of x if containing (o)
'data for all possible values of x, (Tis frequency-table of stellar migni- Al rmal

! XK\zudes connot be exhaustive; the frequency-table of color-indices may bele i Y3~p0 R

5 Representing the frequency-tablo by a smooth curve we obtain the Tl L1 )

2 nwA)( \ froquonny-tunction Flx), defired by EIf Syptim. !
o { ’ =Fx) A e ee (1) _"/”’:'_{\ i

"“ﬂm X)(\ where dn 18 the numbor countéd within the linits x ond x#dx. P(x) is ) “\\," {

an 1deslization of the frequency-tablo, usoful for tho purpose)of mathe l‘ Cost of 4z ;]
. motical treatment and for the derivation of statistical lewss The frequ- ol
% enoy-function is primitive if the condition is fulfilled

x+0x/2
A,&=f ’P(x]dx P I )
x-1t

B g

for each tabular interval; i.e., when wmm each tabuler intervel th. $g //é/
area of the curve y = F(x) equals the counted mumber, Howevar, inreut

cases ono has to smooth out some rrogularities ih the table which nic o /m/ 4
be sttributed to ncoidentsl uncertainty; i this case we obtoin en idwel. |, 4
1zed frequency~function, subjoct to tho condition

|
‘ ) % % @‘/’Z ]
total counted numer = xz oy = l}‘lx)dx el (B i’/z)

i
without fulfilling in individual coses (2); X and X denute the smellost /%l g

A
7.

and largest values of x (not nevessorily -€oy 0 0r° +colrespectiveiy. ,p,v,}ﬂ,“
1
! Proquency-tables and functiors roy soretimes be dfSCOLtLPOUS funO~ .yt
tions of X, e.g. When X can sssune orly integor values. TIn *hir case 'Y Vv 1
the ymomg ‘ntegrnls are to be rspl:xud by suns. R %
0y

/wﬁ Yl i Tt's }mnu{a P
G5 Speeitd Jotas an oyvue]
oo, A L - L

. . g
by uni s g wr‘%;;)
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CLASSIFICATION OF ZRRORS. A1l errors affecting some observed
frequoncy ey be divided into two principal groups:
2) Zrrors independent of the observer, like the natural uncorteinty
of a counted nurber, which has an atsoluto character. The cosmical
orror dopending upon the properties of the portion of the universe wc

3)

aro studying (o.5. in the evaluation of stellar perallaxes fron the
observed proper rmotions, where the cosmical error is due to the syre~t
in the true motions of the stars).

b) Observationsl errors (including also those of computation) which
are under control of the observer, and depend upon the degrce of per-
fection of the means of invostigation.

NATURAL UNCZRTAINTY OF A COUNTZD NUIBZR. Let p deroto the prob-
£bility of ar event to happen, 1-p bein; thus tho probotility for it
ot to oceur at 3 certair elementory trial. Let us rake on expori-
zent consistin; of n triols, among which our event has occurred r
times, ir other words we have T "positive ovents." According to the
Theory of Probobility we have for the probability of the oxporiment
n,r the expression :

o

T or ner
Pyp= 0Oy B (=D PN )

r

vinore ¢, = ni/ri(n-r)t e e . v s (B)

is tho nurber of combinations of n thimgs in groups of r things, ond
ni = 1°2:3¢4* + « D is tho frotorial.

(Formula (4) is easily derived, if we take into account that the prob-
ability of the simultaneous appearence of @ numbsr of ovonts orrorged
in o givon order is equal JLE:—"‘“ rroduct of their probabilities, and
thet tho product pf(l - p)  so obtained is to bemultiplied by the
numbor of different experiments with the same n and r but errarger in
a1l possible corbinations. . -

Formula (4) is o binomial member of I + (1 -r) » and

n - n
= 0] =0

e
S
The factorial r! for r = 0 has no meoning; in all forrmulas of protatil-
ities it is to be substituted ir this case by 1, as it corresponds o
the first ‘01 ber of tho sbove mentioned binomizl forrmlo. Likowise ws
mst pat € = 1.)

"o moy regord now r s our counted number. Repeating our experi-
nent N times (n some in s1l), we sholl find in esch oxporimont differ-
ent values of r, showing en accidentcl sproad around o certain aversre

velue,
S (1

the accldental velus of the difference rer, shoractoriging the natursl
uncerteinty in r.



Poge 3.
(The averaiso, or expected value ¥ of a variable x whose probability is -
 1s @iven by -
Sy e e e e o0 (7)
accordirg to this we have
. = r e e rl=nel ro) g (p-1)-(r-1) m
=3 roy i) = ¢ (1-p) #
=0 -1
=pn coe e e e . (8) )
The charscteristical messure of the size of accidental errors is
ordinerily the disparsion, or the mean square deviation from the aver-
58,54 We hava renerally 2
{2lr-ry)2
L L R ()]

The probable frequency of rer, is given by NP, . (sce formula (41).
1y

Substituting this into (9), we havé exact:
« (10)

s =% n(lp) ro(l—p) 8
S g e e
SR =n ,

N = = = 70 (rery)Pa,r

n
=T T - o r ¢} p"(1-p) + pPodel

Q

1nto account (8), snd transforning
| (net)a(e-1)

Taking
L o or -1 n-1
PRE Cpp (l-p) = npz (r.m)cm1 ! (1p
2
we f£ind 'L(r-m /N = np(l-p)

Formla (10) s genorcl, equally valld for large and small hurbers
1t glvn the expression for the matumal uncertsinty of the counted/numw
ber; the er T being givers .

1n the cese of p~0, thus n-ao with np-ro, We have

0=t [r) (m
(10) rmey be rejsrded as the axpressinn Df the relntive uncartn‘nq
In dealing

(11) as tho nbsolute uncerteinty of the counted mumber.

with the shapo of froquency-functions, formule (10) is to bo used,

where r, is to be put equal to the expected numbor within the tatulor
For great num-

= np[(n-1)p+]]

interval, n to the total number counted (formmla (3)).
bers approxiratively r, =én . amd p = Dn’/izn’!. In doaling with the
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cbsolute abundancy of the objects counted, the uncertainty is deter-
mined by (11); in this case the countod mumber is to be regarded s a
finite semple token frem the infinite (very groat) number of si-iler
objects in the universe. We moy remark that for most frequency-tables
with 2 tabular interval smll enough (10) becomes practically identi-
cal with (11).

Tho frequency-function of the deviation r—r_ is identicel with the
frequency-function of r end is generclly deterriRed by (4). It is an
esymmetrical curve, negative deviations being the more froquent, and at
tho seme time smeller on the averoge than positive devietions.

(The computations according to (4) mey be performed by using tables of
factorials, or with the aid of Stirling's formula

0

nt =" e B/Bm (1 + 1/12n + 1/2880° 4eeen) . . (12) )

Tho greater r, is, the more symetricel is tho shape of the curve.
Thore aro special cases, when n or both r and n ore great, and when
forrula (4) may be given on approximation more ecsy for computations.

The first case, of tho classical theory of errors, is when n ard
r are large, p remoining finito with ndeo. In this case (4) moy be
substituted Pew by o Gaussion symetrical error-function

@ I »_rro)? ..
mn BT € E(in) <

This is still o formula for tho probability of an integsr r; but
it moy bo roploced by a mathematical fiction of a continuously chang-
ing error; in this cose we have the Gaussion frequency-function of
errors »

1 -t

F[c)dt=?° at . . . . (14)

where -
t =1 f o/ « e e . (18)

This function s generally supposed to hold for most kinds of obser-
vational orrors, s being the dispersion, emperically doterminable.

The probability of tho error falling within cortain limits tl
and t, is t.
2,
10t y
‘utz:rFJs‘" « e e o o o o (16}
. 4

The volues of € for tl =0 may be found in specisl tables.

Instoad of the ¢isporsion, the average spread of observational
errors may be charccterized by other quontitios, such o5 tho proboble
error, defined by the condition that ono-half of the errors will
excesd it, ond the mean orithmeticel deviation . In the cesc of &
Gaussien thoy are glven by

prob. error = 0,845(nean arithmetical) = 0.674(dispersion).
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.. spucizl nroblems of astronomicel statistics the condition of r ,
or T sing large is not fulfilled; ot tho same timo n is, or mey

3 to be lorge (c.. equal to tho totel number of objects ir the
srsc). This permits us to transform (4) into the following formila,

univ

viiid for amy values of T or ry, supmosing n is groat in co: parison
with T3 ( Fatsson's  form)
r
o o 1

B= o R

Hore p does not occur, as it has in this cose no definite meaning. /
—
(Guvstituting into (4) p = 7,/n, we hove
roper _ (o T2
.(1 Jbnry  lnem)

Phe = Filnrlt

ro)n
(-2

o)
¥

In-r+l) | (ners2) .....,. (n-rér) finite number or factors,
n n n tends to 1.

.
(1 = rg/n)® for n»¢>. This ylelds (17) )

Forrule (17) is indispoascblo for the computation of the pro -
ities of smrll values of r it is o ruch bettor opproxization than (13)
as it takes full account of the asymmetry in ths Cistribution of the
deviations, It reprosents the errorfunction of smoll nurbors; the dis-
porsior remoins exaetly equel to yT, o

—

J(r-rDlEPn'r H

- 2 = 2% r 2 r 2
(rerg)P, =5 r2F0 &0 —2r, ] Ir, o, + T

L o Far T T o by B oo "L.,

For r = 1y2ys0ee00en  , W0 have

6T = 0O (1 4o/l + 22t 4 .

xo n rl'-l
(0 *21 o) = Te

-ro T
o JTo

o

~
2y,

n
T I =
ey =
rZe s =g oL * Tt

rl 2 n

r

321- “ry =

T JTo=
T

——
8= \rglry 1) = 2> + 7 =

To

o
200 e (rgH) =T (rg+l)

- =
4+ Insert: Now, {1~ [0)¥ as woll os tho product «f the first r
T .

feotors tend to 1, ond (1- 2%, ot

(secums

v
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Hitherto we considere¢ the cose of the known probebility p, or
¥nown average frequercy, r,. In practice we encounter mostly the
Inverse yroblem; given the observed number r, or the observed rola-
tive frogusncy, p' = r/u, to determine the probabilities of Ty, or ~)>
P to be included within certain 1: mits; we must moke hypotheses, ond
estimate the chances in favor of each hypothesis concerning the un—
known law symbolized in p.

The hypothetical probebility p of the positivo event in one
clementary tricl may bo assigned any value from O to 1. Let 7 denote
tho probability s-priori for the hypothesis being confined to the limits
pand p + dp; according to the theorom of the coinoidence of two indeper
dent evonts, the probability of the experiment m,r to take place thro
the nediction of the given hypothesis is the product of the respective
prodebilities,

P, p TPy

where P, r is given by (4).
AccOrding to the theorem of the probability of a hypothesis a pos-
teriori (after an experiment has been made), the probability that p is

confined to p end p + dp is given by

¢ orp=l

/
0 dp-ymrwdp/ §J=o Pp,mp . ... .(18)

About the probebility of p a rrieri (i.e. before observations were
made) wo in most cases do not know orything; in this case we cannot do
botter than to assume that a1l voluos of p are equally probable a priori,
or to put 7 = 1, There may, however, cxist cases where we know more
About 7, ord where other sssumntions are to be rude.

,
(%o lwdp =1 according to the definition of probability; 7 = const. #ives
at once = 1. ~

This givos us, after substituting (4) ard performing the intogr: /)
o ap= (ne1)c] pTp)" e )
= (n . 300000
‘Poron 'p n P T y
- nr
@ T (1p)" dp/ J‘-‘pr(l-p) ap . he o ction
1

n) =J 2 (1-x)? ax for intoror m ar

i

is essily found by partial intesration:

syn) = nt/(ml) (me2)e . (ménel) = mint/(mined )2

)

1/(rrhnsl )nmn

Substituting m = r, (n) =




ond pHp s ‘he same s
aFy m np + ndp,

”he prohwbnuy of p to be feu
Sor r, = Tn to by contained betweos T,
and 1; thus g{von by (19), where dp = dr,

s ar,
To ran
and p = ro/n.

For great viluos of n, n+l/m -1, and (20) Luco"‘es similer to (4),
though in no wey identical with it, beccuse (20) is o coutinuous function
of the varicble ry, (4) is a discontinuous ono of tho 1rtegot r.

The most probable hypotnesis, wiving o moximum of the oxpression
in (19), is easily found oqual to p
(hccording to tho rule of finding méxime 4t the dorivetive of (19)
#ith Tosroct to  oquil tu Zoro ond solvs the oguation for p, kuowirg
tnst p is not 0 or 1)

Tho cvsrage oxpected hypothesis, however, is mot p'j attriduting to
ecch hyrothesis a woight proportionel to its protability, wo h

o\lw. ap=ral/me2 ... |

same kind s ¢iscussed bbove).

(The intesrsl is & sammo-function of

Tais sives
R SR

For n larse wo have Ty = rA-l, thus the verage hyrotheticel rragmrcz
exceads the observed frequercy ard tho most probable ono by

(The ovsrare hyrothotical froquoncy ty of tha mazativo ov

wo have, substituting in (22) r by n-r; this iives b,

and the chock is

g 3 b
(~~_r+1] /m-a (2 3

F, + Ty =n)
"\Lqufmay drised &«m
Formilo (82) refors to tho

mrbor (1), or s et :
only of two soctions ( +evert cnd - ovent). For the rembers of
ucncy-table with mony sections it is not valid, Geworally, ir
tables wo hove to assune mot the cvarna, but the most proboble vaiuo of
the hypotheticel frequency, Ty = r.

The uncertainty of the hynothetical froquency moy be measurcd
by the mean square deviation, or the lisporsior.

The exact formulae cre: for the disyorsion 8 of ro crouand its most
probable value ry = r,

(rm—r)z U,z P

:nS(u.':)-nr(psM, .z
,.I (r+3)(n+2)

mons /Z ¢

4, fi)=A, n-n) ‘ ’

<N\



ﬂ‘//'/ﬂ/rh/fa‘(

_eapd2g
(me2) J

14 P

[t
e b

For n great wo have

Ha500—bhe b oty ypothotiost is aluops
ovoromaiy ey

Sewnt. o rust wkew romombor thet the distridation of the devisticns
for srmll voluos of r is asymmotricel.

The arproximations to (19) and (rOJ in spocial cases ere very>
siriler to those of forrlss (13) eud (17). For both n and r laffe we
have o feussian with the disporsion VT smeller than the dispersior
of the exact formula, ( ¥ differs little from FFT if r is large).

For n lerse, r small ve

(r; T

Seour W0

which 1is  cod av-roximation to_the exact formule, siving aw everage
= rsl with o dispersion + Jr+l = # (T, (this mey be easily tested,
dcording to the prodedure many tires npuiied).
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4)  RILATIVE UNCTRTAINTY IN COUNTID MULBZRS OR PROPCRTICNS. For o
own hyrothesis, p, the relativo mnsertainty in r is jenerslly

(oxact formula): -
SR PN ()|

and for p » 0, n—e  =1+/1/r

= lat

The sprecd in the observe: proportion =r/r, is =ivon by

SE005 0000 0 (b))

This formule lsads to tho £ ntel theoren of the theory of
orrors, that the orror of on avorage sbsorved quantity (hero--
tho ratic p! approschin: r) decrassss as the square root of the mumber
of observations.

ler formulac for ths reolative uncertainty of the hypothesis
b vbc dorived from the forrulegof section 3.

5) INTRRELATID FLIIWES. The pracedin: formulac are valid only in
the cose wher all countec indivilusls are indorendent of oro onother.
Howover, in mature we find mony ccses when tho a-pezrance of ore ele-
ment =y hove as = consequence the obsorvability of another sim
el which, if judized from its rhysical prorertios only, o
distinguishod from any othor indopendent sloment, and is thus counted
es on independont individusl. In such o case of intorrelatod element
the formulae of probabdilities sud errors aro applicable only with res-
pect to tho rurber of independont groups of cloments. As ar examp
lot us imogine that all stars crc observable visual reirs; if there is
found o countod rumbar of 10 stars upon a cortain crea = 1, the nie
bor of independent groups obsarved is r = 10/2 = &, the ava
thoticel density of peirs per unit aree is T, =6 £ &
ond the avorage density of individwal stars is 12 £
errer in this case is groater than for an cqual observy
indoperdent clements.

thelr distridution of distnnuss ls o roet importonse. The sAuc
coses of intorrelation will be enclyzed in tho chepters cesline wit)
tho individusl problems of astronomicel statistics. From the (iscord
ance between the pra‘lcted anl the observe’ frequencies it is rossi-
blo to study the choracter of interrolation thet disturbs the statis-
tical data,

6) CORR3CTIOK OF FRIQU:L'CY-FUNCTIONS TOR NATURAL UX
COUXTED KUIBIRS 1is attsined by smoctning out sll vnevennesses which
.ere within tho limits of tho natural error. Figure I :f an tilustru-
tion of tho practicsl progesding, The roctangles represent the mum-
bers (r) counted within successive tabular intervals; the srr: in
cate the size of the neturzl dispersion = & JT+#2. The area of the
curve must b> equal to the sum of the rectangulcr srecs. In drowing
tho curve it may be held in view that, from considerations of proba—
bilities, one third of the deviations are likely to oxcoed the dis-
persion, end one twontioth to excead the double disporsion, aml thct

RIAINTY I T




Do 0
b Vgume U
Pazo 10,

1031tive doviotions are om tao aVarage roctor tiom mogd-

for snoll v
are, of courgo, ox- 5

tivo Covietions; further, nogative veluos of ¥
clucods

! In cortain cases 0 oW
tho goneral cheractor of F(x),

x)

from a systom of oquations of
tho form \
y

r=F(xjex .. . (3]
surposing tho tobular inturval,is
not too lerge. In solving syston
(28), by lenst souoros or somo
othor anelogous procodurs, tho
woights of tho individual oque-
Fimars 1. tions aro to bo asswmod Propor-
Sull curvi= smoothad frog-funciion,  tiomal to 1/re2. lorcover, on
Dottod carvo= primitive freg-fusction, tdditional cguetion

r=LP(x) ax =& (28')

ing the oroc of tho curvos

must b introducod as tho condition doturmi

o smoothing for netural uncortointy must bs mads bufors ths cor-
cidontel orrors in x (see following paragraphs), bucouse
1 irroguleritios in tao curve will bo aceontu-
will sppoer, From tho somo stond-
ery to moko the smootiod eurvo o5 simmlo

rdo--to mako the aversge rodius of curveturs n graot
svorsgo curveturo a3 smell, 83 competiblo v 11
netursl uncortointy, Doubtful wevos in tho primitive froouoncy.
(Fig. 1) mst bo avoidod. ienlly the moasure of "cormloxit:
o Gurvo witain tho limits %, ond x, moy be cssumed ogual to

W =[ 'sz E+(3¥E’3 W
1

the grester

rwiss ail
ted, ond spurious

s pessibla,

or to mean squero of tne invorse redius of curvatur
this quentity, the moro “complicated" is tho ourve.)

7)  DIOLWL UATION is cn orror ccusad by tio proforence given b
observor, or tho computer to cortc figures, chiefly in tho lost pluce.
The most on kind of *his orror rovecls itself in i
vhonco its nemo. In rough obsorvetions, o.g. in ost:
tudes of motoors which are noted ot the best only te one nolf
tude, tio "docimelt Aqustion consists in & moro fraguunt rucord ut
togor numbors os compared th tho froetioncl omes or vice verst. I
obsorvations it dopends highly upon the individuclity of &
228 o b dotormined only by counting the relotivo fraguoncy of the
aifforontrcocinnlsh In computations sometimes its character moy be pro-

cbs



Pogo 11,

dictod from tho rulo usod in rournding off tho lns€ pltoc, thonsh it is
advisoblo oven in this cesc to uso tho ompiricel mothod, bacauso all
circumstencos camnot bo foroscon.

Lot ¥ denots tho avorcgo froquoncy of 211 decimals, 2, tho obsorved
froquancy of tho i ’kienmcl' wo will cell tho dogimel oxe. ;s tho quontity

5 =vy/p Rl eeE (30}

In tho cose whon F(x) dous not change too much within ono tebduler intore
ve1, 2 froguency-tablo moy bo corroatod for dceimal oguetion in tho fol-
lowing woy. Lot By b> tho overogo docimel 0x005s, —- tho counted
froquoncy within ong tabuler intorvel; tho corractod fréquarcy will bo

o= rny/5) e (31)

after this o slight rdjustmont must bo mado, to fulfill tho condition

Tlfp =1 =0 ool (32)
In the ecso whon in adjecort tabular intorvals §; chengos from 7 1 to

<1 consacutivoly, fermule (31) mey bo usod only for tho irtorvals
whers §,7 1, end tho residuel frogucrey 'y = ¥y may bo thon distrib-
uted botwoon the adjocint intorvels(i - 1)'end *(1 + 1), oither in
oquel perts, or proportionclly-to thotr countod froquoncios;

this pro-
c0darc soves eny furthor adjustmont.

Tho roletivo amount of the docimel uountion doos mot dopund upon
tho cbsoluto froguancy, and though ordirerily smell,. in cortcin cnsos
it mcy oxcvod tho moturcl disporsion. If dotd for tho docitel correc-
tlon oro nveiloble it is cdvisable to introduco this corraction beforo
tho smoothing of tho ourvo,

8) SYSTEMATICAL CORRZCTIONS OF THE ARGUIIZNT offoct tho frogquorey-’
function in tho samo way as 2 ghenmo of tho varisble; lot t et
tho now argumunt, £(t) its froquorcy-function. o have

=£(t) dt = F(x) dx
whoneo 2t =P/ E . (3B

Eugey for t = log nx, wo hove £(t) = x F(x). If u(x) is thc systom-
atieal corroction, t = xtu, ond formale (33) is transformed into

. ) P(xj

) = e
) = T e
In numorioal tables, for o given tnbulor intorval & X wo mey ceumo

Qo ulceax/2) eulxe ox/2) | (5

dx VES

e B3



9)

B t1on 11500 ot beoaimore Twosieo s ac tor ur:

O”‘ﬂ‘t‘\(\/ﬂ G

Pego 12.

INFLUZICZ 07 ACCIDZNTAL ZLOKS IF 'Z‘P_. IxR(‘U' KT UPOK 7
FUKCTIONS. (The conclusions of this =
oguclly in cortr ‘5 nrobloms OthLT ﬂL“i

cosos whorepcistribntion function is nm,uc by somo
of sproa¢ ir tiho crgumort, not nocessarily aceilentnl; jey ths core
roction of obsorved contours of spectral 1linss for the offvcc of im-
porfoct cofinition is methomntic~1ly the same problem.

Lot % denoto tho truo, § tho obsorvad argumont, ond Z = 5 ee Xee
tho aceidontel orror (no mettor wiothor obsorvetionsl or cosmicsi)e

Lot X (x,2) lorote tho froguoncy-function of 2, goncrally assumod to
aopohc upon x also (e gonoralizeotion vory importent in prectico; e
assurption of tho 30 Orror-curve,0.g. 2 Geussicn with constent dise
porsion r11 ovor thy rng of % corrosponds solcom to roality);

must vanish for Z = -w ond +e, though it may vonish outside of
cortein finito 1imits of Z. Tho concition

I)((xzu e (3)

gives to X tho morning of *probebility. Z(rxccﬂ not bs A continuous
furction ‘throughout ~rd tho intenrals in the rogions of Ciscontiruity
arc thought to by roplacod by the corrasponding sums.

G xedx, froction

0f tho pumbor dr = P(x)ix, i
1 2402, the totsl rumbor withe

Xix,z)iz hwo tho orror ot
in these linits of x ond 2 beins

Flx)oxeX (x,2)02 =

(£=2,2)0% 22 « « o o o (30)

For o givon ¥, and 2 botwoon Z nnd 2442, the rvorage veluo of § is
X442/ 2 si: il"rly, tho avorngo volua of {1, corrasponling to x+lx,
15 x#x+ZR7/2, Honee tho rverspe or offective value of ' is of = oxg
tho totrl froquoncy foun' within tho limitsf emt § +0{ wo fin by
toking the sum of (36) over mtire reage of Zy i

(§)ct = :‘} F(§ - (§=208)02 o« v v o oo w (3T)
f /it

wlore §(f) ‘onotos the obsorved froquoney-functisn. Bwuetion (37),
waicn 7y bo erlle tho gquation of <iffusion , is of Tunlomentcl ir-
portarco in this = similar problems. Given the orror-funct:
tnl the true freguency-function, F, the obscrvel froguoroy-furctid
18 ovsily computus. accorcing to (37).

Tho invorsc problory--to ‘otormine F, tho truo fra
if ¢ on2 X are givon, is moro cifffoult, ~n' involvo
tho intofral oquation (37). Howsvor, thou:
prodlon ovon in rostriotod 6osos, ths pred
by succossivo epprox:
of ¢ carmn, tnoug‘-n rocto xos

uaney-fae
i

n
It is on sn" cor el

A
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thet only such » ceso 'is of precticsl intorastf if tho ofporsp . B
disporsion is so strong thnt it concenls 21l tho ofiginel footurcs of
tho curvo, tho corroction for ‘aceilental orrors will bo oxtromoly une
cartein and of no roel moaning.

Thus, in this caso, in prectice tho only importent ong, we toke
os o first cppreximation F 7, an computo
r+t
P2l =] g2 Yt~
o

Corparing (38) ond (37), wo find thot§ rofors to 9 ns  Coos with
For the secund approximftion we assume

Py =@rGm§)= 269 oot (®)

Z)Z . e e o000 (38)

rospoct to F.

3imilerly
4w

9,(8) jvﬂ(-z)}(((-z.z)rz L. eher(40)

rmetion for P

F2='f+(1’1-‘f'2| e e e

© to © reod solu-

ol the third
(1]

Tom one to throo approximntisms orirerily lo
tion wiich is to bo chockad by substituting inte (37)s

411 this Nis onsily porformed in o paroly mumoricenl woys Brth,
tho obsorvoc fraquoncy-function ¢, snd thy orror-function X vo ropram
sont by froguancy~tablos with the soma sizo of ti intorvel
in orch, [ox) =4f =02, Lot A)(k Igpote tho fraction o r/x:-,i (sa0
pago 1), tho truo mumbor, in tho © 49 tebular intorval,{vaich by
orror-lisporsion is sproad into tho i+k® inturval; lot I#k = m, or

=n-k, onc Ay, donoto thc obsorvo!l froquoncy in tho mth intorvel;

thon

k.,
avn=L Oy
Y

whoro tho sum i to bo takan ovir o1l important veluos of Xy ieo.
such thnt X 13 not too smoll s comprrod with tho ecourcoy of comp
4otions, Formale (42) roprosunts tho sumorierl oguivelent of (37),
Mho successive epproximetions may be found in & mennor doseribo’ o
cclly abovo; howover, in the mumoric ncooling & 8till sirplor
mey e usol, iving ot oneo tho pproxim

corsists in invorting tho process of svrenc
stituting it by o proogss f concontration
to (42) (with on 2nroxinntion for an) rust
to m, wo mrko go fron m to mk, This givos

= v .Y . 3
An A1{+AXZ . ’ Z%k)(k Ce (4B)
A0

I eRemly 4l 62
1#0

1rtie

o fro:
for the first o
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Tho socond. awproximtion s

buy =0V 4+ on z)(k - E-An ﬂk )

(ote thet tho first mombor, AI/ is the samo in nll eppreximotions

Tho corrootisns, oage in (43, vnsist of positivo amd mogetivs riobors,

but ,only the nositive membors aro to bo computor, bocouso tho torn
%K' nogotive in tho eomputetinon of Aq. is a positive onc in

tho eriitation annk

Romrk, If, in tho courso of making tho rporoxinetions, nogetive
vuluos of &n oro found, it mozns that probably the orror-dispersiom
+

etod, ond the computoti of further approximetions
bucn”\os usu]ass,g

ITRAL THIORT! OF stpmmx's. Tho spread of an arbitrary function
/‘my bo nonsuron. just iv nannor os tho orror-disparsion, f.o.
by tho moan squore dovin mn. 8, fron tho arithmoticnl mormy X

Lot 8 dcnoto the orror-disporsicn of the npceidomtol qunwity 2y such
that #ho oxpoetotion, or aversgo probavle velue of 2 iz/n s zoro,
not ‘only for tho totel romgo of %, but lso for ovory Ssoloctad veluo
of x» In othor words, 2 is supposed to bo froo of systemnticel orrors
(which “aro trostod in a Qifforomt mommer, soctiun §). (Tho obi d
valuo of 2 may, end will Ciffor from zoro, on account of its nceld
tal charncfor), And lot 5 domoto tho Cisparsion of tho 0bsorvol from
quoncy-function, dofina. if'e sinilor monuer rolative to tho obsurvod
moon wluo ¢

o havos
§= x4z, A A I T (U]
T -87° 4‘:(3:...x°l3 + X2 4 Lalxx )2 , or, Mvic
3
512 . E-X;XZ cee e (an)

Now, tho cxpeotetion of tho third torm in (47) 1s O (boseus for arch
givon x-x, tho cxpoctation of 2 is 0, and tho oxpeotetion of the yro-
cuct 1s also 0); henco,

An"

lre
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or the dxpoctol velus of thy obsarvad
motriccl sum of thy truy dignersion

Pego 15.

sporsion is cquel to tho goo-
n_tho orror-dispirsion.

In reel crsos the third torm of (47) will not bo zoroj it ;;xvvl),
o moans for svrlunting tho statisticel uncortainty of our thiorums

(1 w3 hovo © sum of n numbors, oach of walch contoins on ceeifantol
orror h, ths aceicontrl orror of the sun is Iy hyi the uxpoeted Cis-
parsion of the sun is

82 (In)® = In® +2lngn =Zn? = oo’
iFi

ic
n cisporsise for £11 membors.

42

re h constos the mom

5=t

i
isn of this taorvisc turely rlgsbreic thoorsm is

noof Thy = 0. (49) is tho famous frormule, wen
hoory of obsarvationel crrors. Annlying this,

Tho only rsswm
thot tho expocta
which 1s bnsad thy
wa hovo

S (xex,)8 =Llxezg)e (ag) = 555 tlxexy) = o, {7 g R

¢ obtrin (48) ik

substitating this into (47),

Fermle (48) is vAlic for »britrery froqu.ncy-functions; thus,
cno of tho mest inportant charcetiristios of tio truo frogusncy-funce
tion, its aisporsicn, mey bo found i ithout tho cor
nothods osoribuc in the prododing scetinms.
ornlity of the errcr-function hold: i
oxorossicn for the uncortainty is corived
constant s;, intepondent of the moro gonorel 6aso of ver!
570 tho substitution o voluo for it sorvos tho practicsl

purposc purfoetly, beeauso whnt ool is only o guoss of the sizo

o
rl‘ tho error, not its oxact anclytiesl axpr
£
¢ orror-cispersis ¥7Tuo of 8, in (+€) \_
¢ with sur proswmptict:

2 p(x)cx J

=‘f(x), is oréinerily

In the enso
rust bo comuted frm (50) in confo;

moro thon wantol.
From (48) we mry judge how rolicble tho corroctinr BE orrur-is- fﬁ
porsion is. 4s » limit of rolisbllity wo may | ut

25,057 2
/2,
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or,
For cifforent valuos of n wo have:
TABLZ I.
Linits of Rolirbility for s,
w= 4 10 50 100 1000 w5688 10 2080
7 sy/s, Y 2 127 0.57 0.0 (0,13) (0.04)
56/57‘7 2.2 L6l 1.5 1,08 (1,008)  (1.0008] £

st ncenurt enly o kind of matursl

carta n tho totel nusbor of indivicuel:
uncortein velus of s mrkes the

i2 tho limit of raumutty, illust:

1llusory. Tho uncyrteinty of (48) will %

Those lirmits of

01irhility teko
ohiofly

2 2
For s, om0y ut sg” -

TR 12 402 -
( (sg=2)® =8 # P Etzosy = sytecsy
t 02 1s nlrondy inclucod in the ~ponrent orror-Cise
porsi 857 Aceorling to the thoorem summation cf rce:
the tptol” cisyersion will bo

bacouso thy e

o =

[(Ncszl + (28g8,/ VT )%
conlitions 5ot above dotormine v sy is probeoly renls of courss, .

MVM rolioblo voluo Sor 5,4 1t 1s wot cbrtoin yot thot tho truc srr . Aewrsy

of thc f'uquurcy.(’ur\cu'r r with sucecss; for tllu

purpose ~ much greotor

ich gives (53) &9) —

is raquirels

mny osic now, whon doos tho Corru Jis wrsion
bocomo t05 smoll or dcubtful, so thot its fotorminction will m t be

orthy of the lebor »f cumutotion, ssvueinlly if the risk uf cf
our dnta by erbitrery assuptions is tucon inte cooount, Usin
oxpression (46), the limit of roslity of tho eorrgeticn, Cuf
concition thot tho uncortainty Coos mot cxceed 85%, is civ.n
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5 1 (54)

5 [ NS
;}f‘k,‘

RN (50

Por sarll veluss of n all ralicblo ensos mry bodMreal o V. 2»%4
vieo varse, The limitirg mumbor n is “ofined by
S
f“ = 16 or n=
*

For o mumbor of indivilucls loss then this,corrocticns for orror-dis-
vorsion possess me ronl woight.

TASLZ II

Limit of Rorlity of the Corrsctim

Zrror Dispors

410 50 100 1000 10,000

s /s, < 1.0 158 5 5.0 (15.8)  (50)

st/sz< 1.4 1.87 87 5.1

<
(15.0) (50 <

Iene I1 for 1 = 50, tho corroetion

rsion is of vilas fon, 3.7 Jl/s »1.15,

1s loss thon 1,15, the rosult £or s is oxtrorily uncortsin
¢8 3.7, tho corraction is so s?5~11 thot it will be

S inlte of heturea wmoorteinty

4 spociel urcortainty im s s

N fer

of cours:. chnngs "
bacause thon (53) must bo frken s the mensurc of uneor

Tac opovs rosults rofor formrlly te tho "ctml ome:
nm‘v(m, rolntive to ths
5 i

n true ror

nt sproad

X0 If thore is supe N2
o

5 frof uhloh x, wy ciffer,

Loporsion rol-ttro o' the unkmoim %, 13 ddvon b7

Jcto\’ true ¢

N I

The el s &1 © ¢ nstont re
clso S" tho cnse f tho true

17, thus our conclusions ~rs vilic
sersisi,
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(Lot hy Jenote true ¢ vistions from an unknown mosn value, h thoir
moan dispersion
Iny
n
their observed, or apparent devistions, and /v-h /5
2 _ gos?
n
the apnorent dispersion.
o have "

T =Tw

t Fhy = constes (Thy )2 w
We find
o
i i
or |y !
—
11) SYSTZMATIC CTANGES PRODUCZD 3Y ACSIDUNTAL ZRRORS. For 2 ‘i’VGn x

(notations os before) the mean volua of tao accidentel errory 2 =0,

ond the monn obsorvec vslue { = x., The roverse, hovever, is not true

oxcont in the vory speeiol case of F(:) = const. Lot M _='((§) demot:
n

sivon ; » 7 tho avorege

£ ¢ velue of the arjumont x for &
error, so thet - i
W=l S e 57)
o
J 2 F(f-2) X(§-0,2) oz
= © o
- —— e (a8 z,

-
F(g-2) K(§-242)02
[rgnpss

The divisor is nothing clsc thon ﬁf’(f)_ Tho velus of Z will
11 on tho sido of grortor woight, i.o. of greater Fi th

will be dtspleced rolative to § in tho dircotion of the riss of the
froquoncy-curve. This is ¢ vory imporient, froqueitly troublesome
source of orror, consisting in an aprorcnt “ottrection® of tho obe
sorved velues by the moxima, or the higher ports of tho frojucncy
curvo; in o sot of mossuros othorwisc freo of systewctic  crro
thoro may orisc thus a systomctic orror depencing wnon the strt
ticel distribution of tho matericli froguontly this circumste:
my mke tho obsorved renge in X moro or loss illusory, o circun-
stanco important not only in stotisticel but alse in other invostir-
tions, end ofton overlookods

2
/4
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Tao functipn
rp
prosents tha froquoney-function of arrors for tho observed velua,§
fu

1o conforms not with our dofinition of secidantsl urrors, ~s
socttion (88) is not zoro. Tho cistritution of ) 5%

1T AR (59) ﬁy

= F(s-z)?(_ (g»:.z)/qm SRSt (150 JC,LZ
) /

=

of thu ovictior of x fremq, is ghogrin "oceicentoln, and its frequorcr

fanction is given by /Q
ﬂt!h"ﬁvk! oo o e e (60) .
(9.1 =
A z f (mvv)}(h\?"ww) av

Taore ore etsus in obsorva
1s cutorninod; this is like
i speotruscopie Gotor:
mort 1tself 45 ot odsorvello, mnd
fourd in swie umirieel vay with thy ¢ of othcr critvri".
€750 wc obteir ¢ spaeinl froguancy ;

1oncl srvctioo ¢

roct obsorm

YMm)= T a3 - (s1) - 77
aifforent fran P oos woll os frem ? . s (W (’i)) Ki

Lot the ¢isporsion of
mocn squere of v,

ho tru veluo
utod for give

ytf::r:ruun; nbe s, (this is the /7 /‘74. /}J/)

o % v v &‘ﬂ'" ov.
T i )

ko (50) )3 tr into ~ceount
we 2 vl the thonrem of sietion

T . 2
sy s'l 7%_...‘.(&:.)
Horo Sy is tho disporsion of (9] Compering this vith (48), we
2
+8)
® Ce e e e e e . (62)

2 smallor spron than tho  true froguoncy-functicn,
it ir tho opppsito direction ns comprred with 7(;1.
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Te greater o, is, 1.0. the less accurcte orc the observotions,
tae smoller is tho opparent dispersion sy ; therefore sots of observo-
tions of this kind are olways suspicious if the dispersion in the
mocsured quontities turns out to be smoll. No welght com be attribu-
ted to tho intornal greomont of obsurvitions of x, becouse the ogroe-
mont ray bo produced oguelly by vory low and vory high accurscy.

SPZCIAL CASE OF BOTH F :.lﬂ)x GAUSSIANS. For tho sake of simpli-
city wo assume X, = 0 for tho roximum of tho froguoncy-funotion.
Taon

Tho obsorved froquency-function is in tais case also o Geussian with
tho moximam at § = 0 = X5 as mey bo vrificd »y;rtegr»mn,

.. (66)

<§(§1e£

8, +52

The disporsion boing
=/,

in ﬁm‘oowpt with(63).
kawiso the inverso is truo; if § and X cro Geussices, the lotter
with c\mst'mt aisporsion og boforo, thd tru froquoncy-furctisn s lso
o Goucsian, Tao correction for orror disporsion consists in this caso
in sinply corputing tho Cisporsion s of tho origirel frequoncy-function
recording to the rules of soction 10% )

Tho avorogo "systomatic® error is found cecorcing to (88}

2

s
- z
T= _ R (4]
(sx2 + 5,°) f
The moen truo agrumont is

2
5
n= - =?x2’+“;;2§ e e8]

[ERTERIEN P 1]

and H

Thus tho systomotical error produced by the ceeidontanl orrurs
consists in o chongo of tho seelo In tho constert rotio s P ] 2) ,
tho moen truo scale beirg shortor then tho apparont scalo

a4

X

58
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it b olbo a0

Tho froquoncy function of tho moon truo  argus

Gnussien [117@,(4/)) g

‘\2
.
lylan= = o B an. ... (70)
Ll e N

2

whoro e o 2‘ = - nk-:a, _ E’EK— ‘()

In othor words; wo hevo 8y
sg n sy
Tho sprond of X for a givon N is now oesily found from (63) as

s {az 2
s X3 =% 3 ... (2}
8,

PR s
s, 2\A
+;:._-.) e (7210

=52, or 8, 1s tho gaomotriccl meen of
x

x z
o = o/

2muntion (72') tolls us that tho apprront orror in v is smoller
then the truo crror is,, and Cocreesos with incroesirg s/s 4 for
8, =0 wo havo 8 = 03 thds in our perticular cmsc of &
GFussien distridition, in tho most imccedrnto sorics of obsorvtions
wo mcy find o very snoll empirical sprend s rround tho muan velue,
duo simply to tho fact that the true sprord'of x (s_) is amcll cs
au§

- ith tho truo orror of sbsorvatisn (s ). * 7t is found
to MOIT for a Gaussion, is qualitetivoly valia® nlso for ary cther
forn of F(x) heving ono simple meximum, mnd oven for more complicatod
curves--in tho case of dotached, or vory proncunced mximt. (.G
distribution of absolute magnitudes of late type stors).

13) EAPTEYN'S IETHOD of fincing tho trua froquency functinn rofors

‘ to tho spacisl cnse whon tho obsurvetions yiold m, the "morn truo
argumont!, ond whor in gome empiricel woy it is mossiblo to Autormine
8y» tho sproed of tho truo argunont, x, and u(vyn), the low of this

sprond, for a given 7+ The trac isporsion of x 15 thon civen by

2

2262 in
sl=sdes) (sseti~n 11)
and the corroction for orror disporsion is mathomtically cquivelent
tc tho add tion of thu orror disporsion to the observol frequercy
function, T(n), onc is atteined by simplo intogrotisn (mechenical
quedrotures) (= x - v):

+0

F(x)ix = q’(x-v)%[x-v,v] [, ST { 1]

In his rosorrchos, Xepteyn confinec himsolf to the ~ssunption of
J* epencing on v cnly, but if tho matoriel is large amoush na ¢
study and tcke intn neeount the chango 0!’[‘\7“:]1 ‘v\ « (73) is from this




%A/my(

sn ndpoint quite cono
Teblom is most froo of hy\

ormirienl wy of otteckd
cal clomants.

1) DDINGION'S FOTULA, For the ersa of o Coussion orrer fareticn
th constent ddsporsion an arbitrary gontinusus observed

f£roquoney-function Y( ) Zaington hes given @ gonarel solutien in f[g)
tho fom of o sorics. ~The solution is hishly intorosting from tha
Cpoint, thowsh its proctical valuo is not so great

mrthematicnl ste
The nunoricnl mothod dosoribed in section 9, involving loss commli-
cotod computoticnel work, At tho samo time being moro gonoral
rospoet to the basic assumptions, ond m.ro free of orrors of compue
tation, is in most crsos to be preforrod.

(Tho corivation of Zulingt
of the symbol

's formals is basod upon tho nronertios

2
x

Tais serios hos cortain propertios lative th mo

tions of the symbolic functisn on tho Lff- hwnd sddls, X

embolic oxmonont a4d™/IxN as inlopandant of x, 2 e -

T/0xt o symbolic factor. §o7e of thy yronortios my bo dirsctly z

tasted,c.g, dirforentinting (7:) with respact to x or to a“
orel mroof mcy he givan by considoring ot first n= 1, o

AL
2" @ ay(x) = u(x+al,

end whon tho vrepertics ro onsily tosted; tho seriss (74) is such
tant whet is truo for n = 1, is truo for ony ne

One of the proportics we shall mke use of is tho folloy

1t

thor

o
&y
=v(x) - — s L
ax?

Co (1) J’)

2
-
g = oo 207 /

Tio oquetion of clffusicn g 3dihgton's prodlen 15




Dacvipia
/

Substituting

Fly-»

~ud trking ints account tht

. ;J o gy = L =352k )
i X

m( (la“l: 0
wo £ind s 2
(€)= oxp. [-Z- F(E)
giso e (-G}
Fix) = t 222 Y
s (- g
x) = o, =/
L% ol oy
=0x) - ¢4 2 - . ()
2 - 2%l ex

This is tho gonor.l solution of Xéinztents predlem.

For functions jiver in tebular form the dorivetives rr:

g = 'kL R (77)
ax AX
k .
oro A0 zamotes the KM tebulor cirforonce, rnt A% s biforo s
tas tebalar intervel. This jives the formule for trbuler uss
. o)
an = (78)

vy !
(7

1o orrorl

ti00 that 5,/V2 = 1,046 x{pre

Tie scrios in (73) is eomvargant unlor 1l circumstorcos,

(teking into ncesunt thet A7)0, and ossuri

in tho ﬁnn-ihq for 49

W, .
its sroatost vlus, we hive |8 /1< &¥

will o smellor thon ths sum of the follewing sorios

%k,

PPN

kt

whoro 2 = 8,

P
this sorios is convorgent, boccusc tho rotio of two ndjnount torm
oqunl to 4a%/k+l, tonds to zoro with k@ . Honco (78) is c«xvvr,
t20.)

sonirelly
IA"";|< 2%ay ; thus the absolute veluo of tie sum of the sorios in (7€)

2%



Drigpina(

Thus (768} ziv: ys o cofinite rosult, though mot '*l\"w's
of prectionl velus first, beoruso somutinus t Yy to o
b2 trkon into icecunt (tho enso whon "1y tho first correctin

f Vo

b k__l‘-‘l s

cours s3ld arectica,
ovs baon noglostol o woll o5 th subsoauont
clucs of n rro Likely te bo found; furthor
t cirouss it the
etar of 3 "f~1s0 dociml uqueticat oro likoly to be introcuccl
firel rosult f£rom smell unovonnosses in thu ~lonted 1{ (S].
oxn-plo.

[
4"’y S NS RS R RS RS RS |
de 2 42 2 42
1% Y R S S

[Am 8 48 -8 48

Thoso fluctuations hevo - pumlotivo offects us tha eonsecutive Ciff-
oronces of ovan orior chonio sif dvge fror £ to Wy, iz (78) thop
ontar in all torms with the somo s ™ avoil eh1s spurious”ceed.
m1 aguntion® 2 iars to smonth Mxt 3 hut
811 the tobuler Aifforaness, which irtreduces tor meh arhitrarinoss o
oxtre work; some ronl unstorlinosc of tie Cifforurco:
blﬂnn(‘ out in this -rocclure, unsteo
sivon in hulr forme Ko such 2ffoct o oscur in evplying the mothod
of socti only iyg’m‘t irg out the obsarvoc o¥with tho ciC of s

—ontlyticel oxorossisndai muking tho cemoutetisns moro accurctoly thar
wntoc, this disacyaitase mey b2 sliminctod, snd Z0tinston's formle wil
sive oxcollont rasults,

15)  “PCLIL DITAIL3 IN CORRICTING FiQWTIOY FUNCTIONS FOI LCCLOTN
o ro;ntive volues of an “re foand, it mw neen that the

srsbon is ovarostmotol. . gn.,;lo Ro;tAYS Vg, wb toc
tho rosult

“visels oML gt th
Mo qual toozern, me te

ncont moxirumy cceercing te tho
2rtitns o tio L.\l!‘\lr‘ Il"m“ LN.
rort, s
s wossidlo.

7052tv0 Valuos .
dsporsien, s , if
8,0 i 0B ’ sxder

tho istonco 4B 1s loss then s, ond by deorinsing
s.
2

Tho orror-tnbls, % (sco soction 9) mry Yo constructod in 'iffor-
ont weys, nccording t¢ X tho dogreo of cpvroximating recuired. A setise
factory cpproxiration that works well wion thy tebuler intorvel (ax)
18 of tho ord tho prodable orror, or loss, is .rivan by

k+d)ax

Y =) Kixz chee o aate)

lic=})ax

50 conscoutivel

ol

9
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050

Horo 1t 13 cesunat tirt £l tho countud count an 1s congonte
in the milcls of the givon intorvel, 4 oty Wﬁm“l’

sssumrticn of o unifrrn Jistribution of an over x,iis furnisho

1 [lkeElax L“*'”"‘

Fetil xe i
(- Jax (-1 )ax

Tho mera tonsrcl farruls, valid unter o1l eonditions, is

veox Ay
)(k = | Plxedaxsy)iy )(a.z el (O1}
=0 = tebhax®y

rey-function  vithin ons toluler intervel
In most cases wo ™y sudstitute ¢ for F. If

t is cosirable, ono may work by sucrossive eaprovimatio
ta somepeprelininary table of ¥ cotormine F, thon accordins to (81)
fin the second approximation fork;k, ich row yields the final ro-

sult for F. Thore arg cases whorey, may b2 found circetly in somc
orpirical vay.

It my;
200 mot
will genorally dopond wpon
of coursa, t3
F is 2 Gouss:

bo noto, that ovon

7\1(,1). the true error function,
Srror-taols, according to (81),
s mors the ©or tae ratio (ax/s,):
r of F is Dvortont in this cnsay 2. whon
At of x if AX is mOt toc lormo.

shore
a0y o thoorstically annlicd in ths esse of cry tabular Cota, thourh
in progtico thowmothod is of usy only whun the totel number of tabuler
intarvals 211, Zquotions (42) of soction 9,

z‘““l—k. %

writton for ~11 toduler intervels, give a svstom for the ¢otorninstion
of tho w n; tho mumbor of unmoums is smallir then

of oguotions, Decouse in 211 casos whora aPds Zoros a&;
oguol to zoro (on,account of ths more ogagentrotol chiaroctor of F ioli-
tivs to @ h3 savc timo the crsas, roprosent ~acitisnel otuntisns.
Oro mey pnly loosh sjurroX solutions, thcusi v it is tos cw
“irsamo. . rocuction of tho wumior of onantlons by wking it soul te

)

AY,
? X

10 numbor of unimomme (Loovin: only s nors immortart snos
17z thoso of tho extremities of tho caurve with a¥=0 or sm 1ller) works
proctienlly =5 wall mnd is mors conveniont.

i combination of thy =yt of succassive wpyroxiwctions, which
iAves tho unimrortont vilaos of an ot tho oxtrumitios aad roduces thus
cnovms, with th mothod hero coseribec for tho dotors
tion of the an in tha mnin mortion of thy curva, mey prova vel
1 cortoin onsos,

le

(e




Prgo 25.
Horo it is sssumal

an is oo urtr%
in the niicly of the cximotion, e
assumntisn of o wnifern fistributisn of am over X, is furnishol

Ji
The mora tonorcl farruls, valid undor ©11 cerncitions, is
(K+) AT -
sz S

)(k = | Flx-daxsy )y }dz e e e e (82)

=0 o=

»

Xz e },(‘.z oo dsa)

ilax (k-1)ax

1 [lertlex lfy”‘x

(x.

Koz oy

of thy fru 2 hin ono toiuler intorvel
soounts  In most cosns v mcy aubstitnto ¢ for F. If

nt is cesirable, one may vork by succossive ewprovimtions;
ity somepeprelininary table of ¥ cetormine F, thon accordin: to (61)
£ind. tho socond opproximation fo ich nov yiclds tho finol re-

b2 found circetly in somc

orpirical vay.

It my bo notod, }xs2), the truc orror function,
oo not opind upon X, Srroretasls, accorcing to (81),
will genarally dopond upon %, ths mors thy srostor tae ratio (ax/sg):
of courso, ths charsctar of F is important in this casa, 0.7, whon

¥ 4s & Gaussi 111 bo indipendent of x if AX is mot toc ler:

16)

=
7y Wthout 5ucc0351v0
ny Vo thovrs tically vmliaﬂ in thy 0750 of cry tabuler Ctn, thowh
in proctice to mothod is of usy only whun the totsl numbor of tabular
intarvals in smell. Zquotions (42) of section 9,

Lot

written for 211 teduler intorvels, cive a svston for the (Starninttion
of tho uriknowns,a n; tha mumber of urknovms is smallor thon nubr
of oguations, bocause in 21l cesos whare s¥is zoro, havo toQutan
oguel to zoro (on ncoth of th more cgagentrotul choractor OF F 1oli-
tivs to thy s mo the cr8ag, Toprisy tionel enuntisns.
Ono mey apnly locst siuc ro\ selutions, tho amerelly it is too cwi-
barsome. ro(uctln“ of tho maer of onuctions by ki 46 gounl to
10 numbor of w s (Loovi . c
ing thoso of «ha oxtratitios of tho curve with a¥= c or smlles) works
practienlly as well ond is morg convenient.

3=

ote

i combination of thy mathd of succossive puroxinctions, which
mportant volues of an ot tho oxtremitios ond roduces thus
knowms, with tha mothod hero Coseribod for tho dotor-
of the An in tho main nmortion of the curve, may prova velusle
in cortoin ensos,

\

97



/ /J 2%

T AN A Prygo 26,
17)  COMPUTATION OF T3 DISTRIBUTION OF z POR . 6TV §.
iftor we havo found by tho procacin: muth o trus frouircy

ko n contral commutetion reeording o (.2) (where unlike
::

furction,
(43) tho torm k=0 alss sntors); tho sinslo torns A
tho frojuency of sccurrance of z ~

siven m obsorvac intarval; civieir
the rolativo frojucnckas; Z is
froquency; thus this vroblon is
gy

roprosont
§Kax, within the
10135 Sy w,‘, o obtedr:
1 htad ™y the

y rrithioticnl

csily sclvod i o

It z2y bo remarkol th of very saell carvaturo, ~n1)( a
Grussian, the systemutic arror xn ; is isdvon by

3 205, Flx) e

Thus thy systawtic orror in this o % thy seuarc of tho

orror dispursicre O~
18)  DITRIEATION 0P (§) FROL 61V T (n) D A(v). (Corprra ssetion 11),
Bieopt in spocial cases liio th predlom ts

o enso troated ir saetion 1%, t
s71vad by succossivo oy roxincti 22 z
o~sily found (scetiom 12), ond o
epproximatis ,.,, £ad writing x for g t

wo hava thy first comotimetion of 7, § ol Y( )

+d
2 Plx-z )y (xez) 0
BRI 1) (x)

. 3
guie) = "'”l’/g%} = -r(gl:z'l)/(u m\l) . (88
m-tim for ( r; int
5 ther %i(‘c ierl)

X
73("“ - ,ﬂ_@ﬁ},&_.mhsx‘. ... (s6) .

F(x-z)
Tho constant is choson 8o os to sotisfry esntitien (35). ”"‘As
formala vo hvy by susstitatin in (§9) x forfFexcont indARHGr @ g
x stonds for this 1ottor circunstanco meKes 1t nocussbry to m‘;n(_\
Quco the constant factor in (86)) 7 Vs

Substitut }2 instond m/A into (83), we £ird the socond apprex-
imation of % ste!

For ¢ate siven in tebu cr form all thoso .poratinms aro nerformod
rumericelly in & much siwpler wey.




19)

20)

reoy
sbiset; if tau sut is

9.9
Pee 27,

COPOINTS  /nwthar mat;

¢ of parfornin

corraetin: anch
2 is sorliesils

cormonents 1o
mposition
re of mera

anrticuler cosos
blo i~~ the oridintl carvs, l.o.r
thus mare than 2 proc

TRUIN.TION OF 753 SRR DI;P"RSIOlv “m) T’J" ZRACR FUNCTION. Tao
~orsiow s ansily found af absorvetisns of tha o

oneuch, 10 tbw v trug shroe of
for fusetion 1s abtainac by tobulating tho -

the t covintions &y
(segtini10), ~nd by assw ¢ tho elstriuting T tras dovistibns
INE% T e tho an

orirerily it is £0
Lavintas £ron o o :

Juct

setar of nceid
ha dotormiration

nontl:

olsor
£rom

small, on

v

that
n mozing o

Systaantic orrors Copowdfrig u:
camnat o (‘ot:rlrar’ in this
ntel o

sach systumntic orinrs, fevie
rrors i SIfforont odjucts o consilurac, ny rencor
£ ths nrmr furctin 3 0 the ThHve v

omed methad,

75 ollow for tais circwsstoncy, or in the ciss wher th object cor o
2 anly onea (mators), t vo £ound

rarollel, indgmandont sori o i f£rom simaltonoras

obsorvatioms meda b sWoTil Ubs.TVArs.

Full eurve, comutod F(x)

Dottod curva, ccrrscted for rosotive voluss.

(Tas Sisurc rofors t paite &)
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s to eoron
v, tho orror
“the relttivo arrers

Lot us oarsids
cbjocts; 15t the Dulis Loun arron in thoss sau:
function X(z) ono n(v). tho « s s,

u, is ivon b

the relative isporsicn is (sactict 10)

2IStee 2
su—sz+sv e e e e e e .. (88)

. tio rolrtive orror function is
+@

/
d(u) =} Hlu+z)1(z)(‘.z e oo e £89)
o3

L8 bofarc, tae limits of into
tionel memnor, ond in eorteln o

ritton horo ir tho convong J..
E finite velucs.
(67) v = usz,
£ind H(v)

e O (u) is siver by obsorvation,
s of s3lvizg tho cquotion of Mffusicns
“liectod in tho o2so whon brth o
is 11y indefinite onl my b2 521w
arma £asumiions as bs thy Folotivs ehirnotor of A

Lot us first cousidor tho onso of o
arisri we ey oxpeet icentiesl orrar functi
if in rorlity the nsswpticn is
tr tho avorazo orrorfuncticn of

s

Aa

u’(“)=jx(u-z]vl(z]c‘z R (52)

(91) moy bo !”lvm Yy succussive oomraximetisns in the following monnors
is o first o on £ r}(z) wo nsswne © Grussion,
S
23,5

whoro s, s sivan by (90), “Atu this wo solvo tho follewdng oustion
of aiffuliiom.
+

wla) =rje(u+z1.}](z|.:z
s

waoneo ) is frunle Tae woxt covremimeticn o tho orrur furctir is
siven b
Yalz) + £y(2)
7\(,): —_— ()
3 2
Tith this wo finc 7 fron /
3 < +o
w (u) )lx.‘(u'-z) Xslzl«‘.z )

-
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ont hievo o still elosor s

1

- R GE
o« L0 F0

o ee e (927) otes

n the true orror functisn rusombles row hly Grussion, %(; will
prectically wive tho finel aoroximotior. chock is thok tho Ciff-
oruncs ), =)y 18 uct considorablos ommuso o haveF rocaad with th
roproximiticfs until )(Eﬂ .)(r_ 1s smell onow

Tt roy Yo romrrke! that with taduler Coto tho
of sclving tho cquetion of Ciffusion i
in soctisn 16, hooruso tho ruber of tal
is oriinarily smells

08t convaniont methed
this erse is the mothee descride
lar intorvals in on orror teblo

Fer tw ocuel orror funetizusy @ (u) is aluays symetricel, thou u}(
oy 93 unsyotried Jroved nethonatiorlly, though 1t
ithe 1r(’ﬂ, bocauso the two sots of
: thon the distributi
w(-u). If o(u) is
~t b Llontienl.

ehonize, 1.00 0 (u)
unsyetriesl, !his “0"“5 thet H
rtriesl © (u), waer the first 1 15 cssuned s
Xg Vi1l 2lso ho feamd syrotrienl, thu £inal msult for
Yofsymotricel; thus, sach o rosult nover oen o v
211 denonls w
®0% tnrtj( r2sotl
ssund t'Jr(ll this tw
roedo:

r‘qsc!‘l bac.

ove, It my o notad thet
£ 0 metions may bo

{ tobulo Y 3
Lot ax = 1, an’ let }(ahou
y fo -1, +1 krssumes importabt velu
u; she nr those 11~sts. “Tho cgus ticns will Lo ¢

‘\r‘)cr .

¥ X
suck o 1% s.rocd thnt

follovs:

X T Ve

Kol ho= %

2 2
+ + A=
X rhi=8

1

XlXo‘}o/‘u T

ey & wop

(0)y () o (D) rra i
srmictry of W,

Boustions (o) o
ir confor:

Thus ws hove —X K
X—" For K

1
rort e

1roe

Motion It is truo thet hr B




i 4/M/W Poo 30

3 h“v\, [ ‘O’) 2ito scluticn, 3ut in the go
t‘ are axnected to bo snall in
oth.m ise ¢ vs 10 right to ossume that
tho loft hanl sito of oguntine (o) will o
of sceond orlor rolotive tn

= 0y “n Moing of ne use
Thus in the orel o
The successive oy

1 cuartity
r approcchite: sreetionlly

s vith 3 wknom .
+ sirnly -

is 1,
LRI EN

of tho two wknow orror
4 W6 asswe for it a
2 selve (39) with

th..r furction h"vl

Tosioct to tae

icns
it un,v, the tast
of aacl acourney; §i urugurl s3t9 $ho Jrrir futo-

s3ts, Por o ¢

it is by ancly,
t sursuros of the semo
3 IPEOTS, 6, 6,4 Sge-tho
iffor meos? 2

osont throo inlop.
23 °Te tho eorres:
coror cis: retsus? Lot o forn tie £nl

Lot tho tugde 97, O, and g
havo
2 ulg & is 2 4
0% 48, R He R 4 e

e o(95)

whoree

o

W
T
a9

sy
()
'
ol
)
'
ol
=Y

Sl SR (13}

i

"
o

'

"
©lts
IS5

1Y

1

10
9
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9
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@
[
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50 31
Knovin; the cisiorsions, tho shco of tho incivituel orror functions
7y ho found by succossive o 4 tho uncorteinty < upon
the chers of tho first o 7 ) Soing: much loss thow in tho coss
of only two suts.
13 oy eonsidor ' = (fa+fa)/Z us o simgle sot of obsarvetiers
sith ragooct to §y o rolrtive dovistion up, tho low of distridution
s @ (a)y 3 knom frem observotionsi Tho avor cisporsion of §Y
N 4
In tho oos whor it fs Loss taon sy, or vaen
ss2 Cie? o Ll
1 s, 2 )
st
X{(zl T 82,8 A
surposa of £inding My, the ervor function of £.. It the s=m H

o finl the srror furch 'ms of tha two other sots. o mny ontor
th

Droxi: wi

@

L(y) =j Hgy-ﬂ-ﬁs(v & e N LY ]

asswtns K (2/2) = 1(a) or K(z) = L(zz)/ X

whoro H, end By &ra tho orror functisis of ja ane E.! feand in tha first

I(z) of tho sun § +% the orrr
11 b3 tho semo oot Yaot the
vien Hp or

+ives tho orror fanctic
¢ avorase, ( 3/2

t mst he Cividod by 2. Tha intocral dogs mit cha
~lacos, which is oasily dumusteatod bv substituti

If concition (98) is not falfillad, 1,0, whon §),-is moro scoursto -

thar the averare of 211 thy sthor set; the scluti rospincefirite ]
with Tospoct tr . ( )‘ﬁwﬁ% : p@}z%

21)  SILICTMIOR, In many, porhovs in m,st casos mot all roquira! ohjcets,
but rnly o cortoin frectisn g of them cen b2 counted; g i the
gooffieiont,or facter of seloction/ Gorsrelly g may

function of tuo arjuront. Tao true froguoncy functi NEIN

soloctive frauoncy functicn, F(x), arc related by tho colotirs

Flx) = ¢ By (x)

or Folx) =PR(x)fe .o v o u ... (100)



v
pe 3%

e
This oquation roproserts tho jonsral furm fYeorruction for seloction

on q = g(x) dopancs Jlreetly u-
shcod by cbsorveti-nol orrers, th crraetior for sob
b0 ayllad ¢ ths truc froguoney funeti~n, R(x)i 1t moy b o

s0, 2sswiin: £or q @ moan vilue
o plviey
Ay = L2 Ceeee o
J_M(v;:-,

notation as in soctioe 115 qeed 4= %-7.

Th. Samo avar: ovalua. TQE-E) = T (5), ey Lo usat
corraeting srally such corroetisus of T 1
bo modo cnly whon £ar scro rorss it ds Qifficult be dorive ¢(x]s

whorors shservatioms yivl () or (i)
i th )J&; L

“hon the eerant crmrant, §,ir £lasness the soluetisn

rogerd to t tho voluo the trae ument 15, the wryed Sracusiey
furctin st V3 eorroctal for scloetl
(t) 162
[ AU B )

T

) DITTRIIN. IO}' OF THI COZt‘?ZGI ]’TS 02 “_‘.L CTIO’N. ‘Thoro *

or s\l'Jact\vo sclcccl‘

of stollar 1miunsn1an in tho sky,

the o_narent Cistributi
& soloctinn depending upen the trus luminesity, the cuoffici ﬂf 50100
tion bain; proportionel ta tho Msorvadlo volumo of speee. Cosmierl

otormita! thoorotically, on tho busis of unorel consiie
to tho circumstencos of the jroblam

solooti r my b0
oretiens, accor:

ivon by ster cownts,

in gaomlo of ausorvctinied soloction is
870 stors ” 53 onitted, tho haorcontnsa of omissiens iner
o2 o Timittn: anituce i aoiwoschods Mo cocficiont f salucti
my be enllod  in this enso tho ccofficiont of cortl

o or mero indenondort sots of obsorvatisons

time and space, thu ctofficionts of sercentis
3uch sots we will eoll Sou a-cnur‘t obsorvaticns, Lot us rxrst o

T oangono us mth Tossoct 42 osToctiinLaae 7ithin
¢ Lot tho onaiticin s of slocsh
- " o sots ho 3w gy tho

Sor ‘} MJJects fmm ir el oia s T2 S0 o

e ot el 105

on cceount of tho incopendonce of tho two sots we heve nlso

=4y, = 0 e (204)

5 Gl 77 X%
e




Poge 33.

or

e o e e e all0e)

Henece we find

From other considorations we find
W= 5/[1-(ey e E WA L. 07)

shich oftor substituting (106) a

(105).

(104') turns out to b ilentiesl with

thero are morc than two inconcndent sots of obsarvitions, our
formuloe oro transfornod into the folloving:

+ (-
™

» .4 )(1208)

¥ =35/p ¥ WA c e (109)

whore = 1-(1-q ){1=g, (1 ,_5) o (110)

isporsiofs are ivon. C
0,674 =4

.s ovorywhore boforc, tho maer crrors, or
rovablo errors oro found by maltinlying

Tho

orcinarily ws obtain fror observations diroctly tho cosffieiont
of porcertion, n-(S), as a functlon of §, tho moosurcd crruaort. I
g 1is supposcd to B ¢ cirset function of X, we have

[?(;—z)-ﬂg-zl g
og) = 2 P

Knowing o' (§) £rom obsarvations, ond p.?( ond  pivery v
the function q by succussive pproxizotions.

el (111]

£ind

Mo coofficicnt of percoption may Copond unor soversl rrruonts
.3 tho thoory of this scotion opaliss to tho co
voR Gfoup of countod individuels is iomogoncous with rosy: et to a1
tho arumonts. The groctor the mumbor of arpumonts, the mors lutsile

ivisi to rrours, and %‘ﬁ?" or pras—e—result, will
sroup. This muts o linit to the fincnss of
2 on tho total mumbor of inlivicuols is smell, vo wmst nogl
tho influonco of somo argumonts upon g onc toko into account only th
nost important onos.

t

's

Mk

MY &

@uﬂmrﬁ



28)

Gypotheses mey be mads chernetor of
tho dosondonco of o upon tho difforct "rb\mwt 5 2 tho most usofal
i7pothosos, without vhich vo comnot do vhor tho fotel muabsr of 0boy

ions is mot vory grost, is to ~ssumo thot tho influonce of thy diff
~rgunents is indupondent lluf ono cnotior, so tant

o= atd rag(d,)

(112)

()

sccording to tho tasorsm of tho proauct of probabilities. In this v
11 the oqustions of to form (108), writton for thu soperatc homogon-
3us groups, will form ono singlo systom ~nd may bu solvoc togothors

COPILATION. Two messurable ounntities, x and y, relating to the
50 object, 5y dapenk upon one amtiers

) e oa e e (23]

fulfillod sxeotly,

ionship vhen (113)
(113)

This is 2 functional rels

ond ¢ stotisticsl reletionshi; isticcl correl:
involvos o certain ceoidomtsl miTors M,
y=1(x) + M i (1)

2or ¢ rivon velue of %, the cversge velue, or the expsctation of y
setisfics cquetion (113);

=) e P b ]

{pceencols oat of

ae propertics of
on gurie of 3 won

Tao thoory of corrolection deols wit:
lize (114'); this squetion is csllod tho zoraucion
Tt must bo ewphnsizod thot the inverso regrossion
7, canzot bo found by solving (111') with ro.‘p.‘lct to x (only i c
of functionol relaotionship moy this procodurc be npplisd]s mrked, (114 )
do2s not contein X nor y, thus it con novor givo us om sguntion of the
form

£,(y) R R (114 )

oxeopt wam X =X, ¥ = ¥, le0. m thore is no sprond,M = 0, in otaur
rolotionship is o functionol onu. ured ow: ntitios,
7otionzl data roy be only in stotisticsl correlttion,
on recount of thu srrors of m sttriduting 011 tae ai
meat to thuse orrors, wo assumo thct rt the bese thoro uxists o trug
functionzl depondonce bett:am tho guantitios, though we sre mover cdle to
prove this. It is by su cass of atstroetion that tho lows of
noturs arg dorived, €2 corrolation in this coss wo fssume Lo Lo Lppiriut
stotistieol, but intrinsically functionl. “hon A is portly, or wiolly
cosmicnl, the corrolotion is intrinsicolly stgt thy pailo-
i point, we mey «ffim that on s1ntions
reelly oxist, the so-celled oxeet lows of b
of the imparfection of our macsur P
¢sll » corralation functio on tho orrors cre morligible

In tho crso of on intrinsicslly statisticel correlstion
tho distonco ~nd ths propor motion of & stor) wo movertioluss mey
dues o cortnin fictitious functionel corrolotion,
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regs 5.

from whici tho rogrossion-curves (114') ond (114") origin:ts through
tiho mediotion of tho sccidontal orrors; (115) wo will ccll the idoal
corrolation; it is to by oxpocted thot tho laws of naturo ero rovarlad
by tho idorl correlatioh, whoross calculations of the most probebld

o

velus of ¥ymust bo medo cccording to (1141 )e &
5 e,
/ﬁ«—\ K/Z” Flwaz

(gl Piguro 3 givos 2 sciome
sticsl roprosontotion of the

, T difforont carvos of corrals
| — tion; S3 is tie offoctive
-7 ’ N contour of tho orror spracd,
| - ’ \ sssumod oourl in both rXuEy
i /L s so tant SS is tho
P o»2_qnvolops of circlossncvi:s
& M thelr centors on AB, of rerdius
' oquel to tho offective mocn
. orror, Assuming schametically
- that the arec within 58 is uri-

fornly covercd by the observid
points, (x,7), W find thet th
rogression curve of y Gpor %,
oD, 1s the goomotrics1 locus
bisccting tho chords perrllil
o A to tho y-oxis, rné vico verst,
Figurs Though in roolity « aniform
iderl corrdlation y fn(x)/."«ﬁ .. density of tho obsorvac points
contour of obsarvod sproad, essum. OVOT the contour S8 is not vurr
ing oquel errors in x cnd y, 1ticoly to gcour, qualitetiv
€D = rogrossion curve ¥ = f(x) tho phenomenon will bu the
s in tha schomnticel ensoe
so3 thot both rogrossion ourt..
may have vory little ro
nco wita the idenl (%
correletion ond it 50m0 vere
sge (intormodinte) carve betw

tho two rogros

o ourves fonencs)

€D ond IF will not givo much bottor egroomont. “lth docrussing error-dic.
porsion, or incrossing longth of tho iderl curve, the *z‘){:mssinn.em‘vcs
will comc closcr to tho 1d?51 ourvae

It moy be noted ¥ = £(x) covars o rongo in x gract

trac ono, whorens i rengs in‘;&‘,éﬁ?ﬁﬁ?‘r FFango in yi h
toning of the onds of this rogrestion curve oriscs, tho onds tonding to
assumo 2 smell nngle with the Xenxisy similorly tho onds of tha X = T,
strotch out =t smrll onglos with the y-oxis; thoso divorging "horns"
formod by tho rogrossion curves ore ono of tho most charectoristic
fosturss of statisticel corrclation; tho cmount of tho divurguncd of tho
onds is ot ths samo time A morsurc of tho distortion of tho origin‘l curve
producod by the “ceidentsl errors.

ther the

“mon x is rogerded 1S An cceursto quontity, 1s0e Thon  its errormdis-
porsion is nogligiblo, thpirogrossion curve of y upon x coineldes with
tho 1docl currcl"tiunﬁ

EAEICEENCIFEN 7

cs 1llustroted in Figure 4. Gonornlly, the regression curve huving

Saml
Y- e
x
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independent variable tho variablo of smaller sccidental error,will
approach more closely the idoal correletion, thon tho moon error in

x is smallor then in y, y = f(x) ropresonts o bottor approximotion to

reelity than x = rl(z). }

ro 4,
Caso of zoro dlsporsion in x.
Yotation as in Figuro 3.

Pigure 5

Case when ideal corrclation is lineor (AB)jsqucl crror

disporsion in x and y, CD, EF--truo rogrossion curvos
'F'--Pearson's rogrossion 1inos. a ﬁ
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SRR (217)

similerly

L(s)

3

=iy} = ————
o
fw{x.y)dx

o of infinito limits one mey rsefne, according to circumstences,
fimu. 1imits of intogrction, Mo substitution of x,y forf,¥ is purcly
ion. 4s @is divoctly given by tho obsorvitions, tha
of finding tho rogrossion curves from o given observetionel mrtor-
-ys dofinite; in prectics tho intogration is mace crithmetieslly
o5 oupleined in ¢ following soction,

Inst

Tho problem of finding tho truc correlotion, 7 = £,(x), is morc comm
plicotad, and oven to somo ontont indefirito.

Let ¥(x) bo tho froguorey functio: of x3 bocausa of the furnetionsl
rclationsip botwost y ond X, F(X) dotern the originel distribution
without embiguity. Lot x[z] ond H(v) bo the error functions, supposcd
hore to dopend upen the orrors thomsclves, tk t monerclize
our doductions for the casc whon the error furctions deperd upor tho coor-
dinntos =nd the orror in the othor ceordincte ~lso{gonsrrlizod orror func-
tion ¥(x,y,2,v)a2dv ). Tie number of points between X ard x+ix, z ond 4z

v ond v+dv is cvidently

E

F(x) H

v]/\(il axdvdz

el

Por given § ond n ve h z, vV =y M efolx)
for given v (v = 0), dn = dy 2rd likely, for%f‘ivar z (3=
Tius o roduce our oxpression to a single aFPItFNFY v"ri"bl'z.
grating over tiy oxtrome linits of z i obtein tho obso:
populntio: (dividging br af )
.
d§m) = [P((—z)
o
Prom this intogrel cauation £, may bo dot
imetions; tho procaduro is moro complicoted ther
oquation of di{flxsi’)r (37) Tho direct sbsarvationcl date o
and F, tho latt m dotsznind from (37). ‘Ic -\usz n
orror functions. T_kirg pprox ENES (
wo computo an euxiliory dcrsity function, o (§,%) tru’v (119)
auxiliory function ue computo o rogrossion curve £ (x) fro (117
tho aifforonco f£(x) - £, (x) to £(x), v obtain thd second mp roxi:
%0 fo. 7o mny proceed (1) more quickly by teking os o fi
of %, not ono of tho rogrossion curvos, but a cort 3
(Figuro 3, KL); tho modien curve may be fourd by ottributing to orch o
tho regrossior. curves cortrin rolativo woights, by an~logy with lincr
corrolation os oxpleinod ir one of tho noxt sections.

rD(E-zM(zldz cee . (19)

1o by suc

$170 £pprox-
1

37
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on tho idesl correlation, «3, is © streiznt
this ccse pover streicht lincs,
urve, Perrsen

In fizurc 5 we hova tho ces.

1lino; the rosulting rasros:ior curves ore

oxeopt in tho portion .i'3' whcre thoy coinecide 1

assumos his ragrossion curves to bo streight lines, C'D' rnd I'2' in Figurs 5

wo's0 that thoy nowohorc coincide with thc true ragression curves, 2und thot
$ ossion curves at 2ll, Picrson's ro-

polizd vith full Ne

grossion linos are uothomcticcl fictions, usoful
raelizntion of thuir mocning, but froquontly mislocding vhon one forgots
Mot thoy nro. In using Posrson's straigit rogrossion lires wo 100ss tho
rdventoge of finding directly o portion (A'B') of tho truc correlotion; tho
oxtunt of this portion is tho grooter tho longor is 4B o comporod with ti
arror dispirsion.

Gonorally, vhon the orror disporsion is not nogligiblo, the truo rogr
sion curves connot both be streight lines; we may find 2 cortein cnso where
ono of tha rogrossion linos is ctoly streight, producod by @ pocu-
lierly curvad idorl oorroletion, Howavor, tho othor rogrossion curvo will
dovinto the morc from o stroight lire. In prectico, whon the number of ob-
sorvetions is smell, or the orror dispersion considercbls, e moy be uncolo
to find ta2 truo shepe of the rogrossion curves: According to the principla
of minimur hypothosis, to avoid erbitrcrinoss of Jjudgmont, we 2ssume tho
rogression lines to be streight; this is Porrson's eoso.  4ll tho curves
in #iguros 3, 4 +nd 5 oy bo substitatod by streight 1inos, ond tho gonors
trond of vorirtions roveslod oy the curvos will still bo rofloctod by the
)El"‘ll”ﬂ. lirog; this hoymons boeruso tho curvaturc of the curves is not
Howcror, for 2 stronrly curvod corrolotion Porrson's rogrossion

be mislording amd must not be ~yplicdy Purrson's linuer correle
moy bo applisd with success whin wo kno .;_fron axporionce or ganer-
21 comsidorntions, thi dy/dx doos not chengo sign, or oven doos not vary
considorably over tho wholo ronge covored by the obsorvetions,
tho corrolation possosses o more or less stondy slopo.

24) G. L THZO0RY OF CORTIL.TION; Ci
TIOH, £,(x)s Our prococing qualitotivo ~nalysis wes bound to thoschome of
© cortour S5 covorad unifornly by the obsorved points, or to a_contour of
o 2 in roclity tho donsity of populetion moy

it dopunds upon tho truo initiel distribution of the objeets

ccording to X or y, or both, and upon the orror sprovd in both coordinct.s
ich chongos the origirel distribution; lso thero mey rot oxist r limitor

2tour containing c11 points, but tho donsity of tho poirts moy graduclly
sing distenco from tho originel curve, All thosc cir-

y influonca quratitetivoly the rosults, thongh quelitrtively

5 oxposad i tho procoding scetion.

2 "HON THTRD DXISTS .. TRUZ CORRILY-

Lot x bo tic truc coordinctos, f endq --the morsurod onos
(nhes horo ar :1 in tho following anothor moaning then bofore), z ord v--
tho orrors, so that

£ = x4z, n=yive

Let furthor dn =3 ({,q)dfdn Do tho numbor of obsorvod points comprisod
,g;\;‘;n f ond f44f , Mrnd R 4€R, fe0, within tho olamont of erec a{d»\.
ovidontly the obscrved donsity of populetior ot tho point (§,); 1t
~is 2 two-dimonsionnl !‘ragunrng unction which my bo reprosentod in throce

dimonsional sprco 75 o surfaco,

5=u(!.nl P C LTI R

Tho rograssion curvo of y upon x 48 dofivod a8 o fuotion roprosonting the
evorcgo veluo of W for constant §. Thus wo hcvoé

4o
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problen covsists in  tho foldewing. after
atidn of £, ond substituting it into (119),
o may $ird that the rosultiig consity-
w(t,m). This =y bo

function loos mot coincide with tho obsorved on
attributed partly to the aceidentel choractor of the wrrors which in 2
rerl cnse nood met f£allow the oxect theorcticel leus of distribution,

teinty in tho eduptedCTunctisns H anc 3 if this is tho cesc, rma
try to changs H end X IF the sonse indicotod by tho diffsrence b
bsorvod and computol, ond, then ontcr for a wow solution of £, 3tes
Such » rofined procedurc is wcrth whilc crly whon tho titel numbor of
points 18 grort end whor tho oxtont of tho curvo axcoods cursiderrbly

> orror disporsion. As a critorion for the latter circunstamec
Civorgonce of tno pwo rogression curves noy bo usa'; if in
thoir main portior thoy are similer, or ceincide, ney hope that tho
lotailod troetmant will yiai\‘. rorl Yosults. Othorwise it is sofe to con-
tont cnesolf with o reugh similerity of @ and @', cnd mot ti try ony
farthor opproximntions.

cspocinlly when tho tnle m rmbor is not lergos o pertly to the uncor-

B
&

I NO TRUZ FUKCTIONAL RILATIONSHIF XISTS. ‘hen X :nd ¥ ire
volve cosmical orrors of an accidentel character, we may prucouc by tuo
aifforsmt mothrdss Including the combined effect 5f obsorvationel ond
cnsmical orrers ints our orror functions, wo may try to £ind tho ficti.
tious ideal corrolation, y = fo(x), cecorcing tu tio notind of the pro=
coing soctisn,  Or, knowing the laws of obscrvaticmel orrors, we moy
sask for tho dersity function of tho trus creurorts, detormined by the
sproac of the cosmical crrers. This lattor vrocedure is ordinarily to
be proferred, bocause wo may ot onco got important informotion of the
charactor of tho cosmicel orrors which moy rofloct cortain laws of rature
s woll as the ideal corrolation itsclf. Thus, over Arving for tho finl
2im tho dotornination of the icanl corrclation, it is cdvisablo to per-
forn it in two steps, by fresing first from pursly obscrvotinnal orrors,
onC thon looking for £ (x) as doseribod in section 243 ospacivlly, whod
tho lews of obsorvatienil eosmical orrors oro so difforent thot it is
inconveniont to join thom together in o sinzlo orror functi i

2

135 the 1dorl cosmicel corrclation is frequo:
frem gonoral eansicoratisns, in which caso equetic
with rospect te “no of the cosmicel error functirns
krowma

Lot & (x,y) conoto tie trus, or cosmiccl emsity functim, onllot
tho cthor notntions be os boforo. Tho cbservod Comsity functinn is then
given by tho two-dimonsioncl oguatisrn of liffusicn:

Pl el

mgnu/ motf-z,\.v)alvll‘(uwz

-

=]
8

Tho solution of this oqurtion with rospsct to w, is vary ires
ont in tho gonernl ccsa, thnugh for dnte givon in tebaler forn (toblo
two ontrios, § ond ) 2 solution vitheut ary succossivo tmmroxle tiim
anologous to the ong doseribod in secticn 16 gives © dofinits ~uswr; thy

inconvenionco erises from the groct rumber of equotions, wquil &r b

vhore t ond ty are tho rumbor of tabuler intarvals in § mxd W ros

at
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rirntions oy bo toplied,
2 proceeding excetly as Coseribod
cial propertios of tio funce

Sinilorly, the mothod of succossive
using v o5 o First apprexiretion for ©
in scetirn 9, 8

orel simpliffoction of tho twnelimonsicnol caso moy, howsver,
. .ccorcing to tho rules of sectiom 9-16 we my finm

froquoney functions of x and y, F(x) ond G(y) respectivoly.

hend, those zro rolotod to tho truo consity function in the frllew

+
F(x) =/l—)°(x.y)d’y GO0

DEiRs (121)
Gyl = | W lmyler ...l )

wn é/

In tho tobuler dote the mumber of oguotiens hore is (t+ty)e ‘hon this
nwsbor is less than tty, e sdventege is prosorted, bocodlse then the mumbor
of aifforent valuos of O, cotorminable is slso sreller.

Gonerally, in (121) tho mumbor of unknowns, tt), is grocter then the
solutions, howovor, oro frde possible by cpply-
ing tho prineinlo of smopthnoss. This is mest ousily showm by an oxamles
Figuro 6 is a schoro or toble vith
fivo ontrics, giving o of 5+5=10
of tho form (1"1) tho rume
ms is 25; of thom wo choose
10 cuczcs) 25 indo-
. for the other
nssuo mt‘.meut to voluos,
in rule
“lation (thc formule of irtore
mry be chosen cecoriing to ti
octod charector of w ). For lincer
interpolation wo have, Buce e

9 (
pencent unkn

+a
W, = 11
12 2

“15 * %53
B

O RO ),

Figuro 6. w_ = %11 Mt + s

“aavantogo. of tho simplifiec solution (121) is tant it dous mo moro
contain tho o¥ror funetions; 1ts disacvontogo consists in & loss c
solution £orw,.
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26) MUIRICAL DINIWINAION OF TH3 K2GK3S,I0N CURVIS, The regression
curve of y upor.x is found in tho following woy. Dividing the whole
range of x into soctions (4B, BC, etcl) not aecessorily coual; ve come
puto the moan veluos of y ond x within coch soctions e thus obtoin
normal points of tho curve ¥ = f(x); tho meon error of y is found from

me. = t, n(n-1)

for cach soction scparately,or, or the ossumption of comstemt disporsion,

from 211 sections,
S N 3]
mes = n{Na)

vhere Ay is the uoviation (y+F), n tho numbor of points within one sace
tion, N=Zn the total nuwmber of poirts) m tac mwmber of scetions. The
normel points with arrows indiceting the sizo of tho moon orrors cre
roprosonted in Figuro 7. . smooth curve is drown throuch the points,
2ccording to the rules of sectiod 6.. In o like menmer the regrossicn
curvo of x upon y may bo constructedy dividing the area into coctions
perallel to the x-cxisl If we try to do this in Fipurs 7, ws my, however,
arrive ot a rosult which, though forrelly justified, hos mo reel ronring:
it is not porx ate fro nm o aim.rm branches
of tho curve, ) ot; P
yis o The

corteinly not duo to the offoct uf Jccidcntnl orrors. In such ccses a % taa,
modified mothod of treatmont mry bo cpplicd; though in cases like Figure 7 Hii

Figurs 7.

tho rogression curve

of x upon y czanot boj comstructed with ary ¢
of procision.
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- ﬂf///y‘//ﬁ/

Figure 8 illustretos the cese of & csrtrirly bifurcated roroscior
curvo. It is Gifficalt to docido whotior the bifurcnti
tho loft-hand sidc (broken linos). Thy tarey isolated points encirclod
mey be Aivided batwson the two brenchos preportinnally to thoir mothe-
notical oxpoototion from ench of tac brrnchos. assuning © Grussien sprord
of tic points on both sides of the branchos, tho mothonctiesl expectetion
1s proporticnyto

n continuss on

w EE &,

t4 sy

fore n is tho marbor . points bolongirg to ond bdrench in the scetion
KL, (y-§) the doviction of tho point from , ond s @o cisporsion around
the sivor brench; tho footor Gy boing constant Yoy be rajentols

Figuro 8. *

Doubla—valusl regrossion curve § = £(x)s

E.g. lot for a givon poirt, by

bo oqual to 0.1 for bronch N ard 0.5 for oranch lf
tho rotlo of methemiticrl oxpectrtions sl

0.1)(20 b
(0.5)(8) 4 2 d

end 1/(142) = 1/3 of tho point is assuncd to bolons to Ny 2/3 t.

2f
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In rore curnlict tad c:so:

is mot slear anowh, one Wy ¢
howevor, myro works
farctina of y separotoly for sech

or K-L in Piguro 8).
(Figurs 2), the nrd
volaes of tho cryumat, ¥, end Fy
of Grussians).

Dec

Lastond of chLti); the macn

This m3th%¢ is the orly on
ful cesys liko tao left-hond portion i

tie goparctios of tae tvo bro
ora rigrrovs ~cme, wirich

snction (intervel .
+ this froguoncy curve into t:
twn brarcios ora found &8
(Corrospe irg in

points rust bo groat onouch to be ndequote to the methol,

Fraquoncy ¥

yoo 43,

oudte
or of

Tiere oxists anothor fr

quontly used rothod of erst:
irg rogression curves, which

Dbeliovod to irive "snonih! rocul
instood of farming mean alao
for different intorvals of %,
oro 0ispluces o given ingarenl
olong the x-oxis, ard cb’ lus

thus a grort

corn nbsorve poin
et
of (isplaced rorrmrl p

< N Such » rathod i
/ b N \ i
b4
mothod doseribal avevs,
Figure 9. * velves ¢ groat decl
werk; ir most coses
hermful, loadin
ton chout o Torlity of tho "smeoth® curvo sbteimad; 1f €

errers of

e Accideatel

Lc“cc
Lt e

bug it
.peatts in tuc stancard mothed,
steriniay in this wey rocl dotcils

LINZR COPRILLTION.
rogrossion curvos
of coardinntes 1% euch ¢
tho crsa, w0 havo to substitutc ir
wiero %, =Ix/r, yo = Sy/nls
folloving form:

oro substitated

The cooffici.
of locst squarssy
oqual woight, 1o find

rts 2 omd b

¢ acjacont nermrl po
mothod of alsplaced rormal points is n.thirg
son those fcoidontnl quentities, = procecure of mo rorl ¢
fceatel orrors are

Lot us now consider Ponrson's caso,

mornor, that  x

cssuming thy oqueticns of eondition, y =

s in tha Stan
else than e

1, cr 12 ligidle,

orvels of X

wh,
the

by st

ht 1lincs.
0 an?
tho follov

Chonsing

vo way writn ths rogrossicn lines in the

may be celeulnted cecerding to )t

ramter of no
neints, e neighboring el
ts baing bosed pertly o2

4 ve will crll tae metard

T rathid,
smoeta fater

y vo 12 subjoctivonoss in Craving e—drewing the ourru;
e g mu wie gein more by ircreesing tho o
tekiog the in

hor of rormel
o3 RATToV and

the trie
origin

=0 (vhan this is ot

s e e (123)

{124)

ules

5 possoss




i spmel 46
R S

e e b e e e e e (125)

R ¢ 113
Iy

In the ccse of ideal correlation, y = a x = by, cquetions (1£3)

(124) should b reversiblo, and vo wmlf ‘Thave

®,

=3/a,, or ooby =1

In thc orse of no correlation we have o = o and teking intc sccount tart
$x2 # 0 (otherwise £17 points would be distributed alo
wo hrve [ xy = 0, whence b = 0 also ond 2b = 0. Honco the quantity rl=ab
may be rozarded s the moasure of the cpparont intomsity of correlrtin
r, colldd the cooffieiont of cerrelution, is defined by

r=gVeh R 127 o

L

r'+__xy— e eee s (227)

Tho roality of osrrelation, hovever, ¢hes nrt ircetly dop
tho velue of rj whe: r is gront, this momms reel corraleticn; but whon
r is swll, recl correleticn mey still oxist, boirj saly cenconlel by
accidentel errcrs. To this we mey =il the possibility of carvilinecr
corrolation wnich roudors r less tho v up tr 0, ovon in tan cnso of

furctional relationshin. Thus the 2bso nhgnun of r is rathor o metsute
of tho reliability of linger corrolotior Ter the given set of ~bservetinie
1 lcta, Fron tae stancpoint of reality 3£ semn hue) earraloticn, tho

rolative prebable orror, nct the sbsolute velue of T, is ¢f importsnoc,

upn

The prebablo orrors in 2, b ond v dapond o1l apon tho u
ir Lay. I soctic: 10. cer indopontont x on y, wo £ound the ¢
equal to t s,,V' vor, horo x arl y are not indeocrdunt,
ehtor ot 11730 ths cvorngo orror, s, t0 1 0s doternined Uy the oqueti

o1 corditiort g 0 +p (P < accidutold ors)
f=yox

BT ) LI A
n

2

+.25 ~27 Txy 2,

(127*) mey be roprasented os
r= XXy, whonco Z xy = s, 4550

this gives



a4
Pego 45.
farthor, wo have from (125)
.o (128)

whonce

or el (129)

Tius tho spresc in y relative to tae rogrossion line is o frection Y1
of tho totol sprosd in yi this ;ives us enother espect of the siznifi-
carce of the ocofficient of ccrrelati

e moy mow f£ind tha uneertainty in Ixy. e n:‘vull
Txy =Lxlextp) = oTx% * T (¢ px), pua with (125)
Zay=ZIxy +1L (fax)

The sacond torm represcnts the uncortainty, e have

'

T (F x) = sulldn) =tous, B stas, In(1r?)
Horco it is snsy to find the proleble errors in o, b 2
rogerd s fixod for tho given sat of detn). PFinclly

[ =
xw § s {1r ;
Tyt < —g—.’—n' oo e (180)

g3

d ofs, ard sy ve

or ‘_".‘z(rtﬁ'_fz‘l v ee . (2300)
3y m
r= LW, [1a? b (132)
oy 1 B
s. 1.r2
's-;(rt»/n—r e (131)

The relative probeble errur in r, 2 ocr b is thas

£/ = (133)

Tus 1t depends not only upon Ty but €180 upnn the munbor of ohsarvee
tions, honca, frem @ relutivoly smell velus of r wo rey infor tho®
roality of a corrslation whon the mumber of chscrvotions is sufficlestly
large. The limit of reclity of a ccrrelatisn, for which tho relative
uncortainty is assumod oqual to 1/2, is found frem . (133) as

Iri}’—,-n%— s (13%)

anc is contsinod in Tavle IIfs

\.
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Linit of Reollty of the Ccefficiont of Ccrrolatio:
n= 5 10 20 50 100 500 1000 10,000

IT|> .67 . 0,54 0.4l 0,27 0,20 0.09 0,06 0,02
2 oy

fficiont of corrslation hos the Pollewing geomotricel siui-
1o heve, Fizure

2 ten a
1/b = ter ay

vienco
ton gy

135
ten o gl

Thus the cvefficient of correlation
doterminos the relotive inclincticr o
tho two regression linesy the smaller
is r, tho-mero tho rogrossion lines

Fecx aiffory e havo 4lso,
9
Fizure 10, ton (a3 =£%;r;l 5 m?l-_ril u;[]%)/y, y
Tan m . )
S (dra) = Sk (1%
N - Tals cquaticn detcrmines the anglo be-

twoon the regrossion liuos. For r=,

Gy = 90°% for r=l, gpeq =

suning sy = sy, WO havo ton (-l =%1_1;_!‘3_l ¢ for this orss wo
nbt."ln the f’)llo\lib., Tablas
TABLE ‘IV
Relicoility of Corrclation for Sy = sy: Q= ongle betweon Reypr
r= 0,00 0.1 0.2 0.3 0ek 0.5 0.6 0.7 0.8 0.9 1.0
ﬂ,l—d = 90° 79° 67° 57° 46° 37° 28° 20° 13° e 0

Tiia cnizle between the resression lines
rolicoilityr the greetor thy angls, the
trua correlatio:

be regardad 2s o rmorsarc of thei.
worse is the rporoximation to the

s_#8_, wo obtein the same angles as in Tabla IV by chargirg
the scnle o? v 13 tho retio (sy/sy)s(r d-os not dopoxd apc secln).

Lot us now finC the oxpression fur tho rogressior lines in torms of
the trus correlatisn and vice vorses Tuo ideal corralation we rssumo tu
be olso in tho linoor form,

X R e - (137



29) FR.CTION:L IVDITIOV.L3. In Ceclin: with iavivicarls lelcnsing to
¢ifferont groups it mry Ravpon tact tho limits of the roups cro not shary
fn other words, tict the lerarkation of thu srowps is of a statisticel chore
acter. Such o circumstrico orose in sectivnm 26, for tho deuble-veluod corre-
Lotion. 3iios W 4 ably t5 Cacile to which srewp th irdividuel belom's
mry assin cortain prob:dilitios in fovor of the Cifforent grouns. In
o £l 290 predavle mrtr f incivi lucls in o civen proup, wo hevo
1ttics, or hovo to perfors o count with fictitious

Lot £ lorate the counte’ fractica of ono individurl;

us:
e nf inlivis uDlS ir 2 creun is
= vrpfie? (1@)

= carst., ve hove

ne=of EaE e ee e e o (2507)

the relntive noturel wneorteisty

el
Vi

ctly thy some os for » ccuntow wirle indivicdurls, -

ront cruntel namiir, nf, is sacllor.

in this coss is
thoah the

t

oxprossion f"r ho aj

arteivty in [150) tokos ~eesunt cnly
tho x tarel wioort: countd nunl 2 s8ihly ereor L
usssod volue of f «nl ineronss the uncortod ty. for f = oomste, tho
stive teinty is giver by

A
_Jtﬁ-”w; RS 1)
Rl

waire AF is the mean orror of f. For ursquel £ vo ray stili use (151),
a a cortein aver .o velue of (Af/f) (tic arithmoticel moer. of f,
. o nom orror of tads erltmioticnd remst, 03t Lo substitated ).

CTIVE QUANTITIS. Lot y = £(x) ... (182)
rticnel ralationshi;, and

2=1,(y) oo (153)
evornpe valuos of X anly ¢T3

oo (352)

(155}

fore n is the tatal rawar of points,

The offectivy y-luy of x, fiun) tarcah the redisuion of y = £lx),
is dofined st

065) = fl{Lf—S—)] e (1s6)




Owigar ’°

Pre 50,

Gonorally x, is mot oqual to %; suly for x =
is mo sereac in U x (mor yl, x, =% The ~vorazo v
o particular cese cf effective values for f(x
ore froquontly clluled to as simply
ficance, 0.7

;z,. i.0. uhen thero
is ovicently
x. 3ffoctive quantitios
ap v:luss of cortein functionsl sig

X is tho ‘iroct mc:

%, =
PN
o= -1 is the hermonic meon
L x (y = 1/x)
x = is tho loparithnic mosn
° (y = 105 x)
ote.

Tho offective value lopanis
1 the chorector of tha £
antionl offostive valuon for nmo fundtiom,

ve luos for ensthor funct

'ntr upon the froguency functi~n of X,
Two sots uf ‘et
v yield tifferent

In proctice omo ordincrily cells offoctive cunntities for which wo
ticnnl centrol of the freguency functi hen 7 is

£.unl Cirootly £rem ob3orvotion; oue th cffcotive terporoturo throuch
modiation of Stofan's Lew.

4

I=kT
N e T
‘e T kn - N

The quantity T

(£1/7)

},k 'J~7 B(7) T

Smm e
sy

may be (ldrectly measure’, thouth we may hovo no idse of the real listri-
bution funeticn of the tomperatures, F(T).  hor ir pnssossion of full
mntherctical control over tha rrocass of fermeticn of the effective qu

ororce is, howover, roth
2 psychologioal ane, mat o Ciffarence »f mrineiple.

ntit;

r



11 IDEIORE

1) BRICHIIZSS OF .
nitucos of mrtoors cmeu

o skill an wxourisnes of
the sama orcor of cocurcey ¢S
mmitalos of £120C stors, {rovic
Sfinits serle of st chjsets for co

TXRS, The intorwcl cowsisiency uf
ants to 20.3 t0 0.0 g (F..)s fceorcing
obsorver. Tao sstimctos a3 thus of

tho ”'-!s,rv rs toor in o
arison (Vireet or roit:

*f tho estim tal brightross of -
ntnoss of £1xaC stors eorrcs”
t of croc ard tim

s tho ostimotel
ito o5 frr i

7L hiTetar of tih oifost of it
2 tas e cirewrsisncos of oyo-siht
t

5 ia0ss0d 1
wea rore e mlie
, om th> sther

Lot r Vo thy 3ffactivi s £ the 4w of
tivs surire. ( f

Jaetad 3
thls qumtity ig wofir

At of tun ointe
tim oxes r,

3 rauus of otierl seerati “ahle ste rs]

Th “otierl offset 43 Cotorn
Setivy tin
tiesl £or far tas 2 sam

od by tho intensity i - f redistlen
~y essura thu folluwin: seh
fonl offact, or saijsetive ori

e

o (10) £or t Y. Hn* b
053 x'n, timo of o
¥

o1
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72

Donnt.

Wy o, o, by

4 s
orfoct of o tiom oF
o7

s¢ in e mitade from (3) is civer
5plsq+C .. .(4)

wior) € = 2,5 p lo

bservod throush o movin:

37mo orolisin
2 Tr‘.)lu I, The dot:

Tt ths dnth i S of fu ebrust transition to
alovo, the trersition is reduel. Tho offectivo valu
- ansulnp voleeity 18 unaxpactolly b
Ath o7 = §39 Thls 1705 ¢, tho vluo of aduut 10-3 Gocs T
jith tho qurstion of rosicur] offoct,aftor tho light oxposurc

of et 107lsee xy su:-ost that tho oyo follows the motoor s
1518 Hoos not teova tos Sost. In ony onecs 16 soans shat bokoghoro absore "
vt4 23 of rotoors raquiro my eorroetion for tho offast of motion, boceusG

alar volocitiss ir this onso sol 0oC 30° jor sacond, en
vor rocoh ©s hi:h voluos ns 100° “or sooont. Tho offoct of metion
te bo of Imertonoe In Satosr clsorvations with tilosccnos of mg-

ouors of 10 ar morc,

Ti3LZ I

Obsorval Zffuct of iotis
3ri ntross of

Zyo-ostinntos of thy
wine sterliko ohjoct,®

qu‘rdu: 100 160 250 100 630 1000 1600 2500 4000
por seo e A

Lo ? 2.0 2.2 2.4 2.6 2.8 3.0 .’hé
Ee 0,1 0.2 0.3 0.6 1.2 2,1 3,0 k0 5.0

bserveti s with hich m2mifyin- ;owor the offuct

i vreducin: © soloction ~f spporontly

23 redicnt); this is oxectly tho foet noted
O to dvo 1t erncthor explematicr (onrrmus
mors kilemators, ouito immrebeble)e

y
;y Dorntr , thah au
2 At of 1000 2

* H.Co 355, 1930
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EXQERCIS:

There is not a single star brighter than absolute magnitude 0O
with o ffrallax exceeding O¥2. 'What are the probabilities for
the density in space of stars with :<C to exceed certain given
values?

Tho averase number (neer the sun) of stars brichter thon @ is
6 por 1000 cuble parsecs’ (Xopteyn ond Var Rhije). 7hat are the
probadilities to find 0, 1, 2 etc, such stars with a grallax
exceeding 0¥2; what i3 t}m prnbnhility to f£ind 20 or riore such
stars with a parallax

The averaze mumber of stars brightor than 14,0 mag.pg. in golac-
tic letitude 0° is 360 per square degree; what is the probability
that there will be not a single stcr within & square 10" x 104
cnd what is the expected mumber of star-void aress of tais size
on a Carte-du-Ciel plate (2° 10! x 2° x 10')

There are 4 stars brishter thex the sun with a parallax exccerix
what is the most probable space-density, 7ed its uncertointyy
what are the probabilities of different space-densities?

Akmong 21 stars of low luminosity (1i>10.0) with known spectra srd
parallax excoeding 0Y2, there are 5 "collapsed" stars (white
dwarfs") (spectra B9; KO; F;K2;F0), the romoining oneshaving nore
mally late (lf) spectra, "hat is the hypothetical proportion {the
most probable ard the eversge) of white dwarfs, and its uncertaimty;
what are the probabilities of this proportion devioting on both
sldes from the most probable one by a certair amount?

(Pages 1-8)

n e
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SUPPLTTWXRY KOTZ ©0 S3GYION 7,"DICLLL X/ TIOR."

Tho fatorvel dn the nrcwaent (;) +ftor vhich the Cocinnl oguation
rapests 1taehf my be crllod tho porfad of ths ¢seirl ogution. For o
docizel ogurticn && tho £irst cocimal tho poriod is.1.0.

ir comprrison with
may bo dotarrdncd

on tha noriod of the dicimel oguetion is L
a of tho froguoncy teblo, tao doeimel oqurtl
+ unye- Boforo mriing eny corrocticns for netwrel urcortiity,
smoath curve throwsh tho ohsurvod points, cvro only thst
aroa will remrin tho semes Lot avidunnto tho obsorvol mwsbor, &%

e e R (¢ )

< aver #11 trbuler intorvels hoviye the soie
If thy totel mambor of lifforont groups
e the ~i@iticnnl ecantion

uhors tao sum is te o trik
dociel, ir
of dcoirals is

R

50880800 o000

rolest ense is vhen

El 1+P

wg hovo far 3 o sirgle ogartinn

B= o

neving tae 188 Mcl—rl.‘:
har,

i

whoro T, 1s the sur ovor the irtor
2% toothel, and r is tho totel w
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ZTERCISIS

Determine the generzl character of the error-functions in
estimotes of the magaitudes of reseors by different obsarvers
from the dato of Tastu Pudblication 25,

1923.

Investigote the coirelotion botween spestroscopic cbsolute mog-
nitudos aud those Geturmined fron coior index, for H.D. spectre
Go ond 1ater, ou the ocsis of . Tertu Publicetion 27.1, 1929.

Samo, for B5 and oorlior.

Determine the coefficionts of selection as & function of spoce
trun and cpparent nognitudo, for spectroscopic ebsolute magni-
tudes in tho Tzblos of Tertu Publication 27.1, 1929.>

1. Covelalion fetmen Cone Tofal obsorplion , aml,trw-

2

The .‘Wumﬁ Wn”fmmu ) 5 ket W Tl #Jw i wwm&«

16, b T ol PIRIOD

oy 1931
l'ho Derivation of the Luminosity snd Genoral Density Lews of

ho Stors, with spociel roforonce to tho offect of scloction
'.md orror dispersion.

Litoraturo (chiof sourcos):

1) Xepteyn, Xaptoyn and Vou Rhijn

Groningon Publications 11, 30, 34, 38 (arnd others ad 1lib.)

Mt. Wilson Contribution 188.

2) Presed
E

nthly Notices 85, 157, 1924.

3) Socres
lit. 7ilson Contribution 273

4)  QOpik
Tartu Publicotion 26, 4.

5

Furuhjelm, Recherchos sur les mouvaments Propres dos 3toiles
dens 1o Zono Photographiguo de Helsin.

Meko a brief ccceunt of ench of these p.')ﬂl’ s, stating the object
methods and moterinl used, and results; the nethncs are to be
doseribod (as far as possiblo) in torns of Dr. Opik's lactures's

if possible, natural uncortsinty of the results is to bo estimet’.

The sizo of the accounts must not be large, from helf to three or
four pages oach, according to the papor.

* 2G. ncthods of correcting for crror dispersion and selectio™
stato whot kind of quantib%- is used:x, § or Wete.
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